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Abstract 

Q^j We reduce the classification of all supersymmetric backgrounds of IIB super- 

gravity to the evaluation of the Killing spinor equations and their integrability 
conditions, which contain the field equations, on five types of spinors. This ex- 
tends the work of [hep-th/0503046] to IIB supergravity. We give the expressions 
^ ■ of the Killing spinor equations on all five types of spinors. In this way the Killing 

spinor equations become a linear system for the fluxes, geometry and spacetime 
derivatives of the functions that determine the Killing spinors. This system can 
be solved to express the fluxes in terms of the geometry and determine the condi- 
tions on the geometry of any supersymmetric background. Similarly, the integra- 
bility conditions of the Killing spinor equations are turned into a linear system. 
This can be used to determine the field equations that are implied by the Killing 
spinor equations for any supersymmetric background. We show that these linear 
systems simplify for generic backgrounds with maximal and half-maximal num- 
ber of fZ-invariant Killing spinors, H C Spin(9,l). In the maximal case, the 
Killing spinor equations factorize, whereas in the half-maximal case they do not. 
As an example, we solve the Killing spinor equations of backgrounds with two 
SU (4) x R 8 -invariant Killing spinors. We also solve the linear systems associated 
with the integrability conditions of maximally supersymmetric Spin(7) ix M 8 - and 
SU(4) k R 8 -backgrounds and determine the field equations that are not implied 
by the Killing spinor equations. 



1 Introduction 



Supersymmetric solutions of IIB supergravity have found widespread applications in 
string theory and gauge theories. Some of these solutions have been discovered in the 
context of branes, see e.g. [1, 2, 3] and in the context of AdS/CFT correspondence [4], 
see e.g. [5, 6, 7, 8, 9]. Most of these results rely on Ansatze appropriately adapted 
to the requirements of the physical problems. Progress has also been made towards 
a systematic understanding of the supersymmetric solutions of IIB supergravity. The 
maximally supersymmetric solutions of IIB supergravity have been classified in [10] and 
they have been found to be locally isometric to Minkowski space, AdS 5 x S* 5 [5] and a 
maximally supersymmetric plane wave [9]. In addition, these backgrounds are related 
by Penrose limits [11]. More recently, the Killing spinor equations of IIB have been 
solved for one Killing spinor [12, 13], and for all supersymmetric backgrounds with two 
Spin(7) ix R 8 -invariant spinors, and four SU(A) k K 8 - and (^-invariant spinors [13]. 

In the spinorial geometry approach to supersymmetric backgrounds [14], the Killing 
spinor equations of M-theory and their integrability conditions for any number of su- 
persymmetries turn into linear systems [15]. The linear system of the Killing spinor 
equations can be solved to express the fluxes of the theory in terms of the geometry 
and to find the conditions on the geometry imposed by supersymmetry for any number 
of Killing spinors. The linear system associated with the integrability conditions deter- 
mines the field equations that are implied by the Killing spinor equations. The main 
purpose of this paper is to adapt the above results to the Killing spinor equations of IIB 
supergravity and their integrability conditions. The construction relies on the linearity 
of the Killing spinor equations and the observation that the IIB Killing spinor equations 
of any spinor can be determined from those of five types of spinors. These five types of 
spinors are 

1, eij , ei234 , e i5 , e ijk5 , i, j, k = 1, . . . , 4 , (1.1) 

which we denote collectively by 07, where we have expressed the spinors in terms of forms. 
For IIB supergravity, this has been explained in [12], see also appendix A. We evaluate 
the Killing spinor equations of IIB supergravity on all five types of spinors and express the 
result in terms of an oscillator basis in the space of spinors. In this way, we can construct 
a linear system associated with the Killing spinor equations of backgrounds with any 
number of Killing spinors. This linear system can be used to determine the fluxes in 
terms of the geometry and the conditions on the geometry imposed by supersymmetry. 
In IIB supergravity, it is first convenient to solve for the complex fluxes, i.e. the three- 
form field strength G and the one-form field strength P associated with the two scalars. 
Then the remaining equations determine some of the components of the five-form flux 
F and constrain the geometry of spacetime. 

The Killing spinor equations of supergravity theories imply some of the field equa- 
tions. In IIB supergravity, this is related to the computation of the field equations from 
the commutator of supersymmetry transformations [5], see also [21]. We identify the 
integrability conditions X and X\ that contain the field equations and the Bianchi identi- 
ties 1 . Then, we show that the integrability conditions of a Killing spinor can be expressed 

1 The T- matrix algebra has been carried out using the computer programme GAMMA [22]. 
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in terms of those on five types of spinors 07. We evaluate Z07 and Ta&i in terms of an 
oscillator basis in the space of spinors and thus derive a linear system. This linear system 
can be used to determine which field equations and Bianchi identities are implied by the 
Killing spinor equations for backgrounds with any number of Killing spinors. 

The main purpose of this paper is to be used as a manual to solve the Killing spinor 
equations of IIB supergravity for backgrounds with any number of Killing spinors, and 
to determine the field equations that are implied from the Killing spinor equations for 
such backgrounds. Because of this, apart from giving the general formulae of the Killing 
spinor equations acting on all the spinors 07, we also list the explicit results in the 
appendices. From these results, one can construct the linear system associated with the 
Killing spinor equations of any supersymmetric background. The same applies for the 
linear system associated with the field equations. 

There are several ways to characterize IIB supersymmetric backgrounds. One way is 
to count the number of Killing spinors 2 N and their stability subgroup H in Spin(9, 1) x 
U(l). The role of the stability subgroup of the Killing spinors in the classification 
of supersymmetric backgrounds has been stressed in [16]. Backgrounds for which H 
contains a Berger holonomy group, i.e. H contains SU(n), G2, Sp(2) and Spin(7), are 
of particular interest. The Killing spinors of most of the known solutions have stability 
subgroups in Spin(9, 1) x U(\) which are of Berger type. It has been demonstrated in [13] 
that for any subgroup H in Spin(9, 1), there is a basis in the space of if-invariant spinors 
A^ which can be written as (rjj, ir)j),j — 1, . . . , ^dim^A^, where rjj are Majorana-Weyl 
spinors. Moreover it was shown that the Killing spinor equations factorize for some 
backgrounds which admit N = dimj^A^ Killing spinors. Here, we shall show that this 
is the case for all backgrounds with N = dim^A H if -invariant Killing spinors, i.e. the 
maximally supersymmetric H -backgrounds or maximal H -backgrounds. 

In addition, we shall examine the backgrounds that admit N = idimjg. A H H-invariant 
Killing spinors, i.e. they admit half of the maximal possible number of if-invariant 
Killing spinors. We refer to these backgrounds either as half -maximally supersymmetric 
if -backgrounds or as half-maximal ii-backgrounds. We show that the Killing spinors of 
such backgrounds can be written as 

e = zr] (1.2) 

where z is a iV x N complex matrix and rj is a basis of N Majorana-Weyl H- invariant 
spinors. There are two classes of half-maximally supersymmetric if-backgrounds. One 
class consists of those backgrounds for which the Killing spinors are linearly independent 
over the complex numbers, and so over the real numbers. Such backgrounds are asso- 
ciated with a complex N x N invertible matrix z, det z 7^ 0. We refer to these models 
as generic half-maximal if-backgrounds. We shall show that although the Killing spinor 
equations do not factorize in this case, they simplify. In particular, the gravitino Killing 
spinor equations can be rewritten so that the only contributions that include terms with 
more than two gamma matrices are those of the F flux. The dependence on the func- 
tions of the Killing spinors is also restricted in the terms that contain up to two gamma 

2 The number of Killing spinors is counted over the real numbers because the Killing spinor equations 
of IIB supergravity are M-linear. 
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matrices. In addition, the solution to the Killing spinor equations gives rise to a parallel 
transport equation 

z~ 1 dz + C = 0, (1.3) 

where C can be interpreted as the restriction of the supercovariant connection on the 
bundle of Killing spinors /C. This is similar to the parallel transport equation 3 that arises 
in the maximally supersymmetric if -backgrounds [13] but in this case C may depend 
on z and so the resulting first order system is non-linear. The other class consists of 
those backgrounds for which the Killing spinors are linearly independent over the real 
numbers but linearly dependent over the complex numbers, so det z — 0. We refer to 
these models as degenerate half-maximal 77-backgrounds. Clearly this subclass can be 
further characterized by the rank of z. If the rank of z is r, then the space of Killing 
spinors of such backgrounds is of co-dimension 2 (TV — r) in the space of Killing spinors. 
In particular if the rank of z is N — 1, then one of the Killing spinors will be linearly 
dependent over the complex numbers on the remaining N — 1 Killing spinors but linearly 
independent over the reals. 

As an example of our construction, we consider backgrounds with two SU (4) x R 8 - 
invariant spinors. The dimension of SU (4) x R 8 -invariant spinors in the (complex) chiral 
representation of Spin(9, 1) is four. So backgrounds with two S77(4) x IR 8 -invariant 
Killing spinors are half-maximally supersymmetric SU (4) x M 8 -backgrounds. We solve 
the Killing spinor equations for both generic and degenerate backgrounds. For generic 
half-maximally supersymmetric SU (4) xM 8 -backgrounds, we find that there are two cases 
to consider. In both cases, we compute the non-linear parallel transport equation z dz+ 
C = but we do not give the most general solution. Instead, we analyze two examples. 
In one of the examples z is diagonal with complex entries and in the other z is a real 
matrix. In both examples, we determine the geometry of the supergravity backgrounds. 
In particular, we find that the spacetime admits a null Killing vector field and compute all 
spacetime form bi-linears. In the degenerate half-maximally supersymmetric 577(4) xM 8 - 
backgrounds, the second Killing spinor is proportional to the first Killing spinor, e 2 = 
wei, where w is a complex function with non-vanishing imaginary part, and e± — (f — 
92 + «<7i)l + (/ + 92 + «<?i)ei234 as in [12], /, g 2 ^ 0. The geometry of these backgrounds 
is similar to those with one 577(4) x M 8 -invariant spinor investigated in [12]. 

We also solve the linear systems associated with the integrability conditions of the 
Killing spinor equations of maximally supersymmetric Spin(7) x M 8 - and 577(4) x R 8 - 
backgrounds of [13]. We find that in both cases, if the Bianchi identities are imposed, 

the only field equations that are not implied by the Killing spinor equations are the E 

components of the Einstein equations. We explicitly give these equations in terms of the 
connection and fluxes of the backgrounds. 

This paper is organized as follows. In section two, we review the construction of 
the bosonic sector of IIB supergravity together with the Killing spinor equations and 
their integrability conditions. In section three, we show that the Killing spinor equa- 
tions and the integrability conditions of any spinor can be determined from those on five 
types of spinors. We also introduce the maximal and half-maximal supersymmetric 77- 
backgrounds and investigate their Killing spinor equations and integrability conditions. 

3 For maximally supersymmetric backgrounds, H = 1 and C is the supercovariant connection. 
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In section four, we construct the linear systems of the Killing spinor equations and the 
integrability conditions for any supersymmetric background. In section five, we present 
two examples of generic half-maximally supersymmetric 577(4) tx M 8 -backgrounds. In 
section six, we solve the Killing spinor equations of degenerate half-maximally super- 
symmetric SU(A) x R 8 -backgrounds. In section seven, we solve the linear systems of 
the integrability conditions of maximally supersymmetric Spin(7) x R s - and 577(4) x R 8 - 
backgrounds, and in section eight we give our conclusions. In appendix A, we summarize 
the construction of spinors in terms of forms and compute various spinor bi-linears. In 
appendix B, we explicitly give the Killing spinor equations on all five types of spinors. In 
appendix C, we explicitly give the integrability conditions of the Killing spinor equations 
on all five types of spinors. In appendix D, we present the linear system of the Killing 
spinor equations of generic half-maximally supersymmetric SU (4) x M 8 -backgrounds and 
give its solution, and in appendix E, we present the linear system of degenerate half- 
maximally supersymmetric 577(4) x M 8 -backgrounds. 



2 Killing spinor equations and integrability condi- 
tions 

2.1 Killing spinor equations 

The bosonic fields of IIB supergravity [17, 5, 18] are the spacetime metric g, two real 
scalars, the axion a and the dilaton 0, which are combined into a complex one-form field 
strength P, two three-form field strengths G 1 and G 2 which are combined to a (complex) 
three-form field strength G, and a self-dual five-form field strength F. To describe these 4 , 
we introduce a SU(1, 1) matrix U = (V°, V"), a — 1, 2 such that 

V?V% - VfV? = e a/3 , (2.1) 

where e 12 = 1 = e 12 , (V7 1 )* = V 2 and (V 2 )* = V*. The signs denote 17(1) C SU(1, 1) 
charge. Then 

Qm = -ie aP V«d M vP . (2.2) 

The three-form field strengths G MNR = 3d[M^%R], with (A\j N )* = A 2 MN combine into 
the complex field strength 

Gmnr = — e a/3V+G MNR . (2.3) 
The five-form self-dual field strength is 

hi a 

Fm 1 m 2 m 3 m 4 m 5 = 5d{ Ml AM 2 M 3 M4,M 5 ] + ~^ e a/3Af MlM2 G MsMiM ^ , (2.4) 

4 For a recent account of the description of the field strengths in terms of gauge potentials see [19]. 
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where Fm 1 ...m$ = —^m 1 ...m 5 Ni "' N5 ^Ni...n 5 and e i...g = 1. To identify the scalars define 
the variables p = V_/Vl and 

1 — IT 

In turn r = er + ie - ^, where a is the axion (RR scalar) and <fi is the dilaton. 

The Killing spinor equations of IIB supergravity are the parallel transport equations 
of the supercovariant derivative V 

V M e = Vm c + ^r Afl "' Ar4 e-F/Vi...jv 4 M — —(T m NiN2N3 G N 1 N 2 N :i — 9F NlN2 GMNiN 2 )(Ce)* = 

(2.6) 

and the algebraic condition 

Ae = p M r M (Ce)* + L GNiN2N3 rN Me = ? (2 7) 

where 

~ 1 AB i 

Vm = D M + -Qm,abF , Dm = 8m — -^Qm 

is the spin connection, Vm = <9m + \^m,ab^ AB , twisted with U(l) connection Q M , 
Q*m = Qm, e is a (complex) Weyl spinor, r°- 9 e = — e, and C is a charge conjugation 
matrix. For our spinor conventions 5 see appendix A. The Killing spinor equations are 
the vanishing conditions of the supersymmetry transformations of the gravitino, and 
the super symmetric partners of the dilaton and axion restricted to the bosonic sector 
of IIB supergravity, respectively. For a superspace formulation of IIB supergravity see 
[18]. The recent modification of IIB supergravity with ten-form potentials [19] does not 
change our analysis below because the Killing spinor equations remain the same. 



2.2 Integrability conditions 

To determine the field equations which are implied by the Killing spinor equations, 
one has to investigate the integrability conditions of the Killing spinor equations. This 
calculation is essentially the same as that of [5] where the field equations of the IIB 
supergravity were found from the commutator of the supersymmetry transformations. 
However, we cast the results in such a way that is more suitable to our purpose. The 
integrability conditions are 

[V A ,V B ]e = n AB e = , (2.8) 

and 

[V A ,A]e = 0, (2.9) 

where 1Z has been given in [20] and so the expression will not be repeated here. It turns 
out that some field equations and Bianchi identities of IIB supergravity are contained 

5 We use a mostly plus convention for the metric. To relate this to the conventions of [5], one takes 
T A — > iT A and every time a index is lowered there is also an additional minus sign. 
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LGab 
LP 

LFa 1 ...a 4 
BF Ai ...a 6 
BGa 1 ...a a 
BPab 



in the Xa = ^T a bc TZbc and ~F = T A [V A , A] components of the integrability conditions 6 . 
In particular, we have 7 

Z A t = \\V b E A b - iT bm LF ABi b 2 b^- [T B LG AB - T A Bl - B4 BG Bi ...b 4 ] (Ce)*(2.10) 

and similarly, r^fD^, «4]e can be written as 

Je = [\T AB LG AB + T M - M BG Al ... A ,]e+ [LP + T AB BP AB \ (Ce)* , (2.11) 

where 

Eab '■= Rab — ^QabR — IFac^.^Fb 01 ''' 04 — jG(A ClC ' 2 G* B j CiC2 
+ Ta9abG c ^G* CiC20a - 2P {A P* B) + 9abP C Pc , 
\{V c G A bc - P C G* ABC + ^Fabc^CzG 01020 ' 11 ) , 

fiA p , 1 /~i s~iA 1 A 2 A 3 

^(V B F Al ...A 4 B + ^s e A 1 ...A 4 Bl '" B6 GB 1 B. 2 B a G B4B5Bfj ) , 
: ^(d[A 1 F A2 ...A (i } - ^G^AiA-fi*^^) , 

: ^(Dia 1 Ga 2 a 3 A4\ + P^G^a^]) i 

: D[ A Pb\ ■ (2.12) 

One can show that LF and BF are not independent but are related by the self duality 
condition on F. The field strengths P and G have different U(l) C SU(1, 1) charges. In 
particular, one has 

D A P B = OaPb-ZiQaPb 
DaGbcd = 9aG BC d — iQaGbcd ■ (2-13) 

To derive the above expressions some very painful Dirac algebra is required but we have 
been assisted by GAMMA [22] to perform most of the computation. The algebraic Killing 
spinor equation (2.7) has also been used to convert expressions containing G and P 
fluxes. The above choice of components of integrability conditions that contain the field 
equations and the Bianchi identities is not unique. For example, the component T b 1Zab 
may also be used giving identical results. However, it turns out that the computation is 
more involved. 

3 The five types of spinors 
3.1 General case 

The spinors that appear in type IIB supergravity are complex Weyl spinors of positive 
chirality. A direct consequence of this is that the most general Killing spinor of IIB 

6 The integrability conditions of the Killing spinor equations (2.8) and (2.9) may impose further 
conditions on the Bianchi identities and field equations than those implied by the vanishing of these two 
components. 

7 In terms of BF, we have 

l A e = [\Y B E AB + iT A B i - B °BF Bl ... Bf ]e- [T B LG AB - T a b ^BG Bi ...b 4 ] (Ce)*. 
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supergravity can be written as 

e = pl + gei234 + u l e i5 + ^ y e„ + -w* jk e ijk5 , (3.1) 

where p, q, u, v and w are complex functions on the spacetime, and i, j, k = 1,2, 3, 4. The 
supercovariant derivative acting on e gives 

V A e = d A pl + d A qe 12U + d A u l e i5 + ^d A v lJ eij + ^d A w ljk e ijk5 

+ p V A l + qoV A e 12 34 + u l V A e^ + -v l Q 3/ D A e i:j + -w^ k V A e ijkb 

1 1 

+ p{D A (il) + qiV A (ie 12U ) + u\V A (ie ib ) + -v^V^ie^) + -w\ jk V A (ie ijk5 ) (3.2) 
and the algebraic Killing spinor equation becomes 

Ae = p Al + q Ae 12U + u l Ae i5 + ^v l J Ae i:j + k Ae ijk5 

+p 1 A(il) + qiA(ie 12U ) + u[A(ie i5 ) + \^iA{ie i3 ) + ^w[ jk A(ie ijk5 ) , (3.3) 

where p = Po + ip\ and similarly for the rest of the components. Therefore to compute 
the Killing spinor equations of the most general spinor in IIB supergravity, it suffices to 
compute the supercovariant derivative and A on the ten types of spinors 1, ei234, e^, 
and eijfcs, and il, it\ 2 ^ ie^, ieij and ie^. However it is straightforward to see that 
T> A {il) and A(il) can be easily read from the expressions of T> A \ and Al, respectively, 
and similarly for the rest of the pairs. The only effect is a sign which appears in those 
terms of the Killing spinor equation which contain the charge conjugation matrix. Of 
course the Killing spinor equations acting on 1 should be in addition multiplied by the 
complex unit i to recover those acting on il, and similarly for the rest of the pairs. 
Therefore to construct the linear system associated with any number of Killing spinors, 
it suffices to compute 

Al , -Aei234 , Ae i5 , Aeij , Ae ijk5 , (3.4) 

i.e. the Killing spinor equations on five types of spinors. 

It remains to show that the integrability conditions T A ,X on a Killing spinor e can 
also be determined in terms of those on the above five types of spinors. Since these 
integrability conditions are algebraic, one finds that 

1 1 

l A e = pol A l + <?oXiei234 + u l l A e i5 + -v^l A e i:j + -w^ l A e ijk5 

+p 1 X A (il) + qil A (ie 12U ) + u\I A (ie i5 ) + \^l A (ie i:j ) + ^w\ 3k X A (ie ijk5 ) (3.5) 

and similarly for the I integrability condition. Because the expressions for X A (il) can 
be easily recovered from that of X A 1, and similarly for the rest, one has to compute 



2^4 1 , 2TaCi234 , T-A^-ih j ^A^ij , ^A^ij 



k5 
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XI , Xei234 , Xej5 , Xeij , Teijkb , 



(3.6) 



i.e. the integrability conditions on five types of spinors. In what follows, we shall give the 
general formulae of the Killing spinor equations and their integrability conditions acting 
on all five types of spinors. In the appendices, we shall list the various components of 
these equations in the basis (A. 7). 



3.2 Invariant spinors 

3.2.1 Maximally supersymmetric if -backgrounds 

In many cases of interest, the Killing spinors are invariant under some proper subgroup 
H of Spin(9, 1). In such cases, it has been shown in [13] that the space of if-invariant 
spinors, A H , is even- dimensional, dimA^ = k = 2m, and there is a basis (r)i,i = 
l,...,k) = (i] p = i] p ,i] m+ p = if] p ,p = l,...,m), where r) p are if -invariant Majorana- 
Weyl spinors. The most general if -invariant Killing spinors in this case are 

k 

e r = ^2friVii r = l,...,N (3.7) 
i=i 

where (/ r j) is a iV x k matrix of real functions and iV is the number of Killing spinors of 
the background. It has also been shown in [13] that the Killing spinor equations of back- 
grounds with if -invariant Killing spinors whose number of Killing spinors is equal to the 
real dimension of A H , i.e. of maximally supersymmetric if -backgrounds, dramatically 
simplify. In particular the terms in Killing spinor equations that contain the P and G 
fluxes factorize from those that contain the F fluxes and geometry. This was shown in 
some special cases, here we shall present the proof of the general case. 

In the maximally-supersymmetric if -backgrounds, / = (f r i) is invertible. Because of 
this, the Killing spinor equations can be written as 

N 

^2(f~ lD Mf)ijVj + V MVi = , 
3=1 

Arji = . (3.8) 

First consider the algebraic Killing spinor equation for i — 1 and i — m + 1. In this case 
i] m+1 = ifji and so 

A Vl = P A T A Vl + ^r ABC G ABC Vi = 0, 
A Vm+1 = -tP A r A Vl + ^r ABC G ABC Vi = 0. (3.9) 

Therefore, we conclude that P A T A i]i = and T abc G A bcVi = 0- Applying this for all 
pairs, we get 

P A T A rjp = , p = 1, . . . ,m 

r ABC G ABC V P = 0, p = l,...,m. (3.10) 
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Similarly, for % = p and i = m + p in the first equation in (3.8), we find 



Y^if-'Duf)^ Vj + VmVp + ^r Nl - N4 v P F Nl ...N i M 



N 



~7^(Tm NiN2N3 Gn 1 N2N 3 — 9F NiN2 Gmn 1 n 2 ) t Ip — > 



N 



i 1 D M f)m+pj Vj + ^MVp + J^ Nl "' N ' l Vp F N 1 ...N i M 



, 1 / r N!N 2 N 3r < Q-pNiN 2 r< \r, — n 

"""ofi^ M ( ^N 1 N 2 N 3 — yi ^MNiN 2 )Vp — U • 



(3.11) 



Adding and subtracting these equations, we get 



^(/"^Atf ifc - < Y^if-'DufU+pi Vj] + Vm% + ^r^-^vFV^M = 



V 




Y^U'^Dm!)^ Vj + * Y(f~ lDM V™+Pi + ^CMBcr^ = (3.12) 




where we have also used the second equation in (3.10). It is easy to see from (3.10) and 
(3.12) that, as we have mentioned, the Killing spinor equations factorize. 

It has been observed in [13] that the solution to the Killing spinor equation in this 
case gives rise to a parallel transport equation 



The connection C can be thought of as the restriction of the supercovariant connection 
on the bundle of Killing spinors 



where S is the spin bundle of the theory. A necessary condition for the existence of 
a solution to the parallel transport equation is the vanishing of the curvature F(C) = 
dC—CAC = 0. It is worth pointing out that for maximally supersymmetric backgrounds, 
H — 1, K — S and C is the supercovariant connection. The curvature F(C) is the 
supercovariant curvature TZ = [D,T>]. The vanishing of TZ was precisely the condition 
analyzed in [10] to classify the supersymmetric solutions of ten- and eleven-dimensional 
super gravities. 

The integrability conditions of the Killing spinor equations of maximally supersym- 
metric if -backgrounds factorize as well. In particular since detf ^ 0, it is easy to see 
that Xa^-i = and Xe« = imply that IaVi = and Irji — 0, i — 1, . . . , 2m. In turn these 
two equations give 



r 1 df+c = o. 



(3.13) 



-> K -> S -> S/K -> , 



(3.14) 



[lr B E AB - iT bm LF A b,b 2 b^Vj 

[T b LG AB - r A Bl - B4 BG Bl ... Bi }vj 
[±r AB LG A B + r A i- M BG Al ...A 4 ]vj 



o, 
o, 
o, 
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[LP + Y ab BPab\ Vj = 0, j = l,...,m. (3.15) 

It is clear that if one assumes that the Bianchi identities are satisfied, then the above 
conditions impose strong conditions on the field equations. We analyze these in detail 
for the maximally supersymmetric SU (4) k M 8 - and Spin(7) x R 8 - backgrounds. 

3.2.2 Half-maximally supersymmetric //-backgrounds 

Apart from the maximally supersymmetric backgrounds above, there is also another 
class of backgrounds with //-invariant spinors for which the the Killing spinor equations 
simplify. These are the backgrounds for which the number of Killing spinors is N = 
|dimA^ = m. We refer to such backgrounds as half-maximal //-backgrounds. It turns 
out that if the Killing spinors are generic 8 , then the Killing spinor equations of half- 
maximal H backgrounds simplify but they do not necessarily factorize as in the maximal 
case. 

The Killing spinors for half-maximal //-backgrounds can be written as 

m 

e i = ^2z ij 7] j , i,j = l,...,m, (3.16) 

3=1 

where z = (zij) is an m x m matrix of complex functions on the spacetime. This can be 
easily seen by expressing m //-invariant spinors in the basis (r)j,ir)j) of A H . 

Next suppose that are generic, i.e. that detz ^ 0. In such case, the algebraic 
Killing spinor equation can be written as 

P A r A z*r) + ±G ABC r ABC zr) = , (3.17) 

where we have used matrix notation for z and rj. This can be then rewritten as 

P A V A z- 1 z*r ] + ^GabcT^^ = . (3.18) 

Acting on this equation with T A , we find that 

(P B T AB + P A )z- x z^ + ^G BCD r ABCD r) + lG ABC r BC r] = . (3.19) 

Solving for the fourth order term in the gamma matrices and substituting the result into 
(2.6), we get 

D A zrj + zV AV + ^-T B ^z V F Bl ... B4A + -z* z' 1 z*[P B Y AB + P A ] V 
4o 4 

+ \g abc T bc z*t 1 = (3.20) 

o 

or equivalently, 

z^Dazti + V AV + ^r Bl - B4 77F Bl ...B 4 A + \z- 1 z*z- 1 z*[P B T AB + P A ] V 



3 We shall make this precise later. 
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+ l -G AB cT BC z- l z*<n = . (3.21) 

o 

There is no factorization of the Killing spinor equations in this case, in contrast to the 
maximal supersymmetric ii-backgrounds. Nevertheless, the Killing spinor equations 
simplify because the contribution of the G and the P fluxes in the (2.6) is contained in 
the up to gamma square terms and the F flux term is independent from the spacetime 
functions z. Therefore the effect of the G and P fluxes is to modify the spin connection 
Q and the U(l) connection Q with terms that depend on the P and G fluxes and the 
functions that determine the Killing spinors. 

The solution to the Killing spinor equations of generic half-maximally supersymmetric 
if -backgrounds gives rise to a parallel transport equation 

z- 1 dz + C = 0. (3.22) 

The connection C can again be thought of as the restriction of the supercovariant con- 
nection on the bundle of Killing spinors /C. However unlike the case of maximally super- 
symmetric if-backgrounds, C depends on z, C = C(z). To see this observe that some 
fluxes in (3.21) depend on the functions z. We have also confirmed this in an example. 
Because of this, although it is always possible to solve the linear system associated with 
the Killing spinor equations, the resulting parallel transport equation may be rather 
involved. 

Next let us consider the special or degenerate cases det z — 0. These cases arise 
whenever the Killing spinors e« are linearly dependent over the complex numbers but 
linearly independent over the real numbers. These cases are characterized by the rank 
of z. If the rank of z is m — 1, then it can be arranged such that the first m — 1 Killing 
spinors are linearly independent over the complex numbers but the last one is linearly 
dependent. In such a case, we can write 

e m = wiei H h uw_ie m _i , (3.23) 

where at least one of u>i, . . . , w m -i has a non-vanishing imaginary part. If all the imag- 
inary parts vanish, then e m is linearly dependent on e±, . . . , e m _i over the reals and the 
background has m — 1 supersymmetries. One can modify the above argument in the 
cases for which z has rank r < m for r = 1, . . . , m — 1. It appears that the solution of the 
Killing spinor equations in the degenerate cases requires information on the solutions of 
the Killing spinor equations for N < m ii-invariant Killing spinors. We shall see that 
this is the case in the special case of (N = 2) half-maximal SU (4) x M 8 -backgrounds. 

The integrability conditions I^Q = 2Tq = also simplify for half-maximally H- 
supersymmetric backgrounds. We shall focus on the case where detz ^ 0. In this case, 
these integrability conditions can be rewritten as 

[\Y B E AB - /T /; - /; ' /./•• ,/.,../., >/ - [T B LG AB - T A B ^BG Bl ... B4 ] z^z^ = , 
\\T AB LG AB + Y M - M BG Al ... AA ]r 1 + [LP + Y AB BP ^z' 1 z^ = . (3.24) 

It is clear that unlike the maximal if-backgrounds, the integrability conditions do not 
factorize in this case. 
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Combining the maximal and half-maximal cases we have mentioned above, and con- 
sidering those H C Spin(9, 1) that contain a Berger type of group, one can investigate 
several cases of supersymmetric backgrounds. These include backgrounds with four, 
eight and sixteen supersymmetries. These cases are summarized in the conclusions in 
table 1. 



4 Linear systems 

4.1 The linear system of Killing spinor equations 

We have shown that the Killing spinor equations of an arbitrary spinor can be expressed 
in terms of those on five types of spinors given by 

^ = ^ = -^=^'1, (4.1) 



where the index % = (1, ... ,5) contains four holomorphic and one null indices 9 . Note 
that T a acts as an annihilation or a creation operator on the above spinor, depending on 
whether the label %\ - • -%i does or does not contain a. For this reason it is convenient to 
reshuffle (a, 5) and (a, 5) into indices p, q, r defined by 

p = (i 1 ,...,i I ,i I+ i,...,i 5 ), p=(i 1 ,...,i I ,i I+ i,...,i 5 ), (4.2) 

where the indices (ii, . . . , i 5 ) are some permutation of (1, . . . , 5), i.e. e^...^ = ±1. Thus, 
T p act as annihilation operators on this spinor while are the creation operators. 

With this notation at hand, the expression for the algebraic Killing spinor equation 
(2.7) on an arbitrary spinor 10 can be written as 

L24 ur <?l---'33 12 t| 3l"' < ?3 1 r} 1 - T 

[gQ e qi---q4-Pq5\^ qi q ° e h--i I i (4-3) 

where the Levi-Civita symbols are defined by ej^gi = +1 and e^...^ = 0, i.e. these are 
only non-zero when all its four indices are (anti-) holomorphic. The sign s depends on 
whether there is a null index in e^...^: 

for e ai ... ai , ^ ^ 

for a ai ... ai _ 1 5 . 

Observe that 

{Cji---jj; r ^ii—ijt ■ ■ ■ i (^ - 5) 
9 In this section we will not use the notation (— ,+) for the null indices but rather (5,5). Thus 

r 5 = r+ and r 5 = r~. 

10 We have used, however, that I is even for all IIB spinors. 
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is a basis in the space of Dirac spinors and so e il ...i l can be thought of as another Clifford 
vacuum. Therefore the terms in the square brackets in (4.3) are linearly independent. 

We can apply the same procedure to the parallel transport Killing spinor equation 
(2.6). In particular, we find for M = p that 

Similarly, the resulting expression for (2.6) with M = p is 

D-p. • = rn_+lQ_ r + iF- ri r 2 _ _s_ e _ri-r 3 Q 1 . , 

[In r I _s_ ri/m r 2 

L4"p,<?l<32 "r 4" 1 P1H2T ~T 32 c pgi<?2 

s_,_ _ r\ri(-i_ I JL,r__ r\T2ri_ l"T9i52 p _i_ 

32 1H2 Ksr pnr2 ' 16 P91 ^(^f 1T 2 J 1 ~T~ 

[ J_ p__ __j _ r -I 2_<r— - r 

L48 r P1l-1i 256 P r ' 192 t P1i---l3^l4r 

To derive the linear system associated with the Killing spinor equations of a back- 
ground with any number of supersymmetries, (4.3), (4.6) and (4.7) must be converted 
from the oscillator basis (4.5) to the "canonical basis" 

{i, r ? i, . . . , r* 1 ?5 i} . (4.8) 

To achieve this, we expand the products of T p matrices, which are creation operators on 
ei 1 ...i n into a sum of products of r j and P matrices, which are annihilation and creation 
operators, respectively, on 1. Then we act on e^...^ with the annihilation operators. In 
particular, we have 



Ae- ■ = VLAp- -1- -T pl "' pl e- ■ 

7 pi—pi 1 - ^li—lj 



^ ^ m \ n \ [^l-izljl-Jm*!"^^ 1 Jmp 1 "g^ ^ 

£ m+n=i 

V V * ! (~ 1 ) [m/21+nJ c ,-,m_ . 

^ ^ m!n!2 7 / 2 - m (/-m)! 

l m+n=l K ' 

>,---nb,., m Av--/,J' J "'- 1 ''' J, " r ''"''l- (4-9) 



with the obvious restrictions m < I and n < 5 — / and the convention that e^...^ = 1. 
A similar formula holds for all components of Dm- Using these expressions one can 
easily compute the components of Ae^...i I and T>M^i 1 -ii m ^ ne canonical basis (4.8). For 
convenience we give the explicit expressions for Aoi and T>oi in the appendices. 
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4.2 The linear system of integrability conditions 

The integrability conditions of the Killing spinor equations (2.11) and (2.10) of a IIB 
background with any number of supersymmetries can also be expressed in terms of those 
on five types of spinors 07. To expand Ta I and Z407 in the canonical basis (4.8), we 
follow the same procedure as that for the Killing spinor equations in the previous section. 
In particular, we first compute the integrability condition X in the oscillator basis (4.5) 
to find 

= [LG r 4 12BG ri 1 r2 2l \6i 1 ...i I 4 ^LGq^ 

+12/3(7- - r — s.f-- riT2 BP lr 5l52 p- • 4- \BG- - 

4-— e- -LP 4— e- - BP r 4 -e- - r BP- lr 5l "^ 4 p- • (A 10) 

Similarly for the integrability condition J A , we get 

[ iLF pq-L—jfe 4 Y2^*?i'"<?3 LGp r 4s(7pg 1 eg 2 BGq 3T1 ... r3 4 
_o e<r _ _ n Df( r 2 lp<zi---93. n I [ s_-r_ _ jn 

+I S() - f _ - BG ri r2 --se- - BG - r lr 5l '" 55 p- • (All) 

and 

T-p. . — [Ir &LF— r — 16se - ri "' r3 BG- 4 8sf - ri "" r[i BG- 4 

_24sf— rir ' 2 BG r3 lFV • + 

[_,7F__ _|_ ^ _ _ r jn_ _ Q«,r__ r l r 2 R/^_ ^ec. _ r l r 2 R/^ I 

[ tJ ^- £ pqi---qz ' 12 91---93 ^^pr ■ JS<z pq\ u\J ' q^qzrxr-z ' J ' 5c gi<?2 ±J ^ T pq:iT\T2 ' 

+fi sf ._. r lRfi. »-2lpgi-93p. . 1 

[ — 96 e 9i'"94-^'^P95 "I" 4 e qi—q4-E>Gpq 5r ]T qi q °ei 1 ...i I . (4-12) 

It remains to convert the above expressions from the oscillator basis (4.5) to the canonical 
basis (4.8). This can be done as in (4.9) and we shall not repeat the formula here. The 
explicit expressions of the integrability conditions in the canonical basis can be found in 
the appendices. 



5 Generic N = 2 backgrounds with SU (4) KM 8 -invariant 
spinors 

5.1 Preliminaries 

Applying the results of section 3.2 to this case, one finds that the two Killing spinors of 
N = 2 backgrounds with SU (4) x M 8 -invariant spinors can be written as 

e = z i] (5.1) 
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where rji — 1 + ei234 and r] 2 = i(l — 61234) and z is a complex 2x2 matrix. There are 
two classes of such backgrounds. For generic half-maximal SU (4) x R 8 -backgrounds the 
matrix z is non-degenerate, detz 7^ 0, whereas the degenerate half-maximal SU (4) x R 8 - 
backgrounds have detz = but the two Killing spinors are linearly independent over the 
real numbers. To solve the Killing spinor equations in the generic case, we adapt the 
formalism developed in section 3.2. In this section, we shall investigate the generic class 
of half-maximal SU (4) x R 8 -backgrounds. The degenerate half-maximal SU (4) x R 8 - 
backgrounds will be examined in section 6. 

5.2 The solution of the linear system 

The linear system and its solution are described in appendix D. It turns out that to 
solve the linear system for generic half-maximal SU (4) x R 8 -backgrounds one has to 
consider two cases depending on whether or not (An — A22) 2 + (A i2 + A 2 i) 2 = 0, where 
A = z~ l z* . In both cases after solving for the fluxes, the resulting equations can be 
separated into two classes. One class are the algebraic equations which do not contain 
spacetime derivatives of the functions z, e.g. (D.54) and (D.57) . The other case are 
first order equations for the functions z which however are non-linear in z, e.g. (D.53), 
(D.52), (D.61) and (D.62). These first order equations can be viewed as the parallel 
transport equations of the restriction of the supercovariant connection on the bundle of 
the Killing spinors /C. However, since the system is non-linear, the analysis of the general 
case is rather involved. So instead of solving the system in general, we shall investigate 
two examples. In the first example (An — A22) 2 + (^12 + A21) 2 7^ while in the second 
(An - A22) 2 + (A 12 + A 2 if = 0. 

5.2.1 Special cases 

The matrix z in the example with (An — A22) 2 + (A 12 + ^2i) 2 7^ is chosen as 

zn ^ W , (5.2) 

where zn and Z22 are complex. Without loss of generality, we shall also work in the gauge 
for which detz = 1 and so z\\Zii = 1. This gauge can always be locally attained by an 
appropriate U(l) gauge transformation and an appropriate Spin(9,l) transformation 
along r 05 . We therefore can set 

zn = Pie l(p , z 22 = p2e~ tip , p\pi = 1 (5.3) 

for p x = p, p 2 = p~\ G R, p > 0. Consequently, A = diag(e" 2iv , e 2ilf ). 

We shall not go through a detailed analysis of the solution. This has been done in D.3. 
Instead, we shall summarize the conditions on the geometry and fluxes. In particular we 
find that the conditions on the geometry are 

&<a,(3+ = , fi+, a /3 = , = , Q + = Q a = , ^+,-+ = 

<9 +V 9 = o, d AP = o, n + , a a = o, ft_,_ + = o, n a j + = o, 
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P, a 



cos (4(f) + 2 



> ^[/3i,/3 2 /3 3 ] — > 

sin(4<y9) 







cos(4y?) + 2 
cos(4y?) 2 

Q ^ + cos(4^) + 2^' +cS = ° ' ^ = cos(4y?) + 2^ + ^ la 



(5.4) 



the conditions on the G and P fluxes are 



/~i a 



cos(2tp) 



, P + — , G +a/ 3 — G +a/ g — , G- a a - 

G_^ = -2 cos(2^)(Q_^ + iF_^) + i sm{2y)e^ 5 {Sl^ 5 - iF_ 7 ^) 
G_ Q /3 = -2 cos(2v?)(fi_, a/3 - *F_ a/37 7 ) + i sm(2 V )e a ^\n_^- s + i F_^) 

Pa — (Pa)* — TZ \ ^-,+a , C — ha = (C — ha)* = 



cos(4y?) + 2 



cos(4y?) + 2 



r» „0 — r J — n a Pifofor - ( e fofofan \* — OAi sin ( 2 V ? ) <> 

<^a/3 — <^a/3 — U , 6 a <J/3i/3 2 /33 ~ ~l e « (j /3i/3 2 /3 3 J ~ ~ ~ ~ 



G 



+af3 



, G a ^ — —\G a 



1 



'^a,Si5 2 6 Pl 



<5i5 2 



cos(4v?) + 2"" ,+ " 
(5.5) 



sin(2</?) 

and the conditions on the F fluxes, in addition to the self-duality, are 

F +ahhh = , = 2Q_ , F^ lPM e^ M = -12d-<p - 6 tan(2y?)^, Q a , 

c Pifcfo rp _ g sin(4y) /3 _ n p - - - n 

1 



-a/37 



-cotan(2(/?)Q 



c 7i7 2 . 



»,7l7 2 l 



/3 7 , 



Tm(F_ 



r a\a2aza^ 



) = -6tan(2<^)ft_ ia a . 



(5.6) 



The conditions above have an explicit dependence on the angle ip. This is due to the 
non-linearity of the Killing spinor equation on the functions z. 

The other special case that we shall consider is to take z to be a real matrix. In 
this case, A = 1 2X 2 is the identity matrix and the non-linear system becomes linear. 
This case closely resembles the maximally supersymmetric SU (4) x M 8 case that we have 
investigated in [13]. As in the previous case, we shall simply summarize the solution of 
the linear system. The conditions on the geometry are 



- -Q a 

- 2 +. Q ' 

--fl- _+ . 
2 . 

Z 1 8-Z) 2 1 = -Q- tCt a + ~^G-a a , 
Z 1 d Bt z)u = (z 1 d 5l Z)i2 — —-^<a-+ — ^^fifa , 

z- l d^z) l2 = -(z-'d^h, = - + U(G-J - (cyy) , 



z~ 1 d + z) 11 = (z~ 1 d + z) 22 = 
z~ x d+z) 12 = -(z~ 1 d + z) 2 i 
z~ 1 d_z) 11 = (z~ l d„z) 22 = 

Z~ l d-Z)i2 = 
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Q + — , fi Qj/ 3+ — , fi +iQ/ g — , — , 

^a,+/3 + = 5 ^ai,a 2 a 3 = j ^ — ha + Qfif 'a = , (5-7) 

the conditions on the P and G fluxes are 

P+ = , G +Q , a = , G +a/ 3 = G +Sl p = , G- a a + (G- a a )* = , 

1 2 

1 8 

^ = \gJ - |(n^ a + ^f_ +q /) , = -ley + jj(n A * a + <F_+y) , 

2,4, 8i 

= -2(fia,/3 1/ 3 2 + 2 ^-+a/?i/3 2 ) - (-G^ 7 - -fi^ 7 ^] + ^ F ^]~W) ( 5 ' 8 ) 

and the conditions on the F fluxes, in addition to the self-duality, are 

1 i 

F+afiJ — 5 F_ +a/3 (3 = -Q a , F_ + aj3 13 = giGa^ + (G a ^)*) , 

i^ 1 — ^ aia2 a 3 . (5-9) 

Observe that the conditions have been expressed in representations of SU(4) x M 8 as 
may have been expected. 

5.3 The geometry 

To investigate the geometry of generic half-maximally supersymmetric SU (4) x R 8 back- 
grounds, one has to solve the parallel transport equation 

z~ 1 dz + C = 0. (5.10) 

However as we have seen that the connection depends on z, C = C(z), the first order 
system is non-linear. Because of this, we shall focus on the geometry of two examples 
we have described in the previous section. 

First, let us consider the case for which z is diagonal. The conditions on the geometry 
(5.4) imply that the Killing spinors can be written as 

ei = e l %, e 2 = e- l %, (5.11) 

where f depends on the spacetime coordinates. In addition if satisfies a parallel transport 
equation 

dip + C = (5.12) 

where 

C + = 0, C_ = itan(2v,)fi-, a a + ^F_ /3l/32/33/34 6^^ , 
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c * - ^T2 ns -- + • (5 - 13) 

Observe that C depends on the angle tp as expected. The dependence of e 1: e 2 on the 
angle tp cannot be eliminated with a Spin(9, 1) x U(l) gauge transformation because we 
have already used such transformations to simplify the Killing spinors 11 . The angle tp is 
determined by the field equations. 

To investigate further the geometry of these backgrounds, one can compute the space- 
time form bi-linears associated with the Killing spinors (5.11). This can be easily done 
using the results in appendix A. For this we introduce a light-cone frame and write the 
spacetime metric as 

ds 2 = 2e~e + + S u e I e J , J, J = 1, . . . , 8 . (5.14) 

Then after an appropriate normalization, one finds that the ring of Killing spinor bi- 
linears is generated by 

k = e~ , £ = e~Acj, r = e~ A x , r* = A x* , A = e~ Acu Aw (5.15) 

as can be seen from the bi-linears «(ei,ei), £(ei,e 2 ), r(ei,e2), r(ei,ei) and r(e2,e 2 ). 
Observe that the remaining bi-linears in appendix A depend on the angle tp. Clearly 
the ring of bi-linears is two step nilpotent 12 . The one-form k is associated with a null 
Killing vector field X = e+. However unlike the case of maximally supersymmetric 
577(4) K M 8 -backgrounds, X is not rotation free. It is straightforward to express the 
various components of the Levi-Civita connection Q that appear in the geometry relations 
(5.4) in terms of the covariant derivatives of the generators (5.15). Then one could 
rewrite (5.4) in terms of the covariant derivatives. However, we shall not do this here. 
Observe that the various geometry conditions in (5.4) depend on the angle tp and that the 
covariant derivatives of (5.15) do not depend on tp. As a result, the geometry conditions 
(5.4) are not simply linear relations between the various components of the covariant 
derivatives of (5.15) as in the case of Hermitian manifolds in [23]. 

Next, let us take z to be a real invertible matrix. The parallel transport equation for 
z is given in (5.7). It is easy to see that the connection C can be written as 

C = + (5.16) 

where to — 1-2x2, t\ is skew-symmetric with (ti)i 2 = 1, and Cl° and Q 1 are easily computed 
from (5.7). Since to and t\ commute, C is an abelian connection. In addition C does not 
depend on z because A = 1 2X 2 in this example. A necessary condition for the existence 
of a solution to the parallel transport problem is that the curvature of C, F — dC, must 
vanish. In addition, it turns out that C can be trivialized with the e ar ° 5+6ri6 gauge 
Spin(9, 1) transformation for suitable choices of the parameters a, b. Therefore, we have 

11 We do not expect additional Spin(9, l)xU (1) gauge transformations that preserve the space spanned 
by ei, €2 to exist, apart from the subgroup Spin(l, 1) x U(l) that we have already used. 

12 Compare this with the ring of invariant forms on 2n-dimensional manifolds with an SU (n)-structure 
which is not nilpotent. 
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shown that up to a Spin(9, 1) gauge transformation, we can set z = 12x2 and so the two 
Killing spinors 13 

ei = m 

e 2 = rj 2 . (5.17) 

Setting z = 1 2X 2 in (5.7), the resulting equations are interpreted either as restrictions on 
the geometry or as conditions that relate components of the fluxes to the geometry. 

To further investigate the geometry, we write the spacetime metric in a light-cone 
frame as in (5.14). Then it can be easily seen from the results of appendix A that the ring 
of SU(A) ix R 8 forms is generated by the forms in (5.15). However unlike the previous 
case, all spinor bi-linears are constant in the frame e~,e + ,e I . The ring of spinor bi- 
linears is again two step nilpotent. It is easy to see from the conditions on the geometry 
that k is a null Killing vector field. Unlike the maximally supersymmetric SU (4) K M 8 - 
backgrounds, k is not rotation free. In particular observe that (dK) a p is proportional to 
G +a p. One can proceed further to re-express the conditions on the geometry in terms of 
the Levi-Civita covariant derivatives of the spacetime forms k, £, r, r* and A as suggested 
in [23] . However, we shall not do this here. 

6 Degenerate N = 2 backgrounds with SU(4) x m 8 - 
invariant spinors 

6.1 Preliminaries 

The Killing spinors of degenerate half-maximal SU (4) x M 8 -backgrounds can be written 

as 

ei = (f ~92 + igi) 1 + (/ + 92 + ^i)ei234 

e 2 = wei , Imw 7^ , (6.1) 

where f,gi,g 2 are real functions, f,g 2 ^ 0. To see this, it can always be arranged 
such that zu ^ 0. If this is the case, then solving the condition detz = for ^ 2 2 and 
substituting it into the second spinor, one finds that e 2 = wei, where w = z 2 i/zn- If w 
is real, then r/i and r] 2 are linearly dependent and so this case is excluded. Thus, we take 
w to be complex with Im w^O. 

The algebraic Killing spinor equation for e 2 can be written as 

w-^PA^Cel + l-G AB cT ABC e 1 = . (6.2) 

Subtracting this from the algebraic Killing spinor equation of e\ and using Im w ^ 0, 
one finds that 

P a T A Ce\ = , G ABC T ABC e 1 = . (6.3) 

13 It is not always possible to find a gauge such that the Killing spinors of a supersymmetric background 
are all constant. This has to be shown in each case. An explanation of this has been given in [13]. As 
an example, it can be shown that the only maximally supersymmetric background of IIB supergravity 
with constant Killing spinors is locally isometric to Minkowski spacetime but it is known that there are 
two more maximally supersymmetric backgrounds the AdS$ x S 5 and the plane wave. 
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Similarly using Ve\ = 0, the Killing spinor equations of e 2 associated with the superco- 
variant derivative V become 

d A we 1 - hw* - w)[T a bm G BiB2 b, - 9T B ^G ABlB2 ]Cel = . (6.4) 
yo 

In turn the Killing spinor equation associated with the supercovariant derivative of e x 
can be rewritten as 

V^ei - (w* - w)- 1 d A we l + ■^T N ^e 1 F Nl ... N4M = . (6.5) 

Therefore the independent equations that have to be solved in this case are (6.3), (6.4) 
and (6.5). It is clear that in this special case, the Killing spinor equations factorize in a 
way similar to that we have encountered for maximally supersymmetric iJ-backgrounds. 
The linear system associated with the above Killing spinor equations is given in appendix 
E. 



6.2 The solution of the linear system 

The linear system associated with the Killing spinor equations has been presented in 
appendix E. We shall not explain in detail the solution of this system. It turns out 
that it is simpler than that of N = 1 backgrounds with a SU (4) x R 8 invariant Killing 
spinor [12]. First, we shall summarize the conditions that are implied from the equations 
involving the G and P fluxes and then we shall give the conditions that are implied by 
the rest of the equations. In particular, we have 

d + w = d-W = d a w = daiu = 
P+ — G-pP = G +/ 3 lS = G- +a = G aia2a , A = G a pP = 

C+a/3 = G +a p = G — = G aia2Ct3 = Gaj3 = G \ a p = 

(f + 92-igi)Pa = o , (f-92-igi)P a = o, 

(f ~ 92 - m)Ga/3j = , (f + 92 - igi)G a fa = 
G-hhU' + 92- igi) ~-(f -92- ^i)G-7i72 e7l72 ^2 = • ( 6 - 6 ) 

The first equation implies that the complex function w is constant. Therefore e 2 is 
linearly dependent to e\ over the complex numbers as expected. The last three equations 
require some explanation. If the Killing spinor t\ is not pure, then P a = P a = and 
similarly G^ = G a ^ = 0. However if the Killing spinor e\ is pure, then either P a = 
or P a = and similarly either the (1,2) or the (2,1) component of G vanishes depending 
on whether e 1 is proportional to either 1 or e 12 34, respectively. In addition, if e x is a 
pure spinor, the last equation implies that either G^ a p or G_ a p will vanish. The Killing 
spinor equations do not determine the traceless G_ a p component of G. 

Next, we summarize the conditions on the flux F. In addition to the self-duality 
condition on F, we find that 

, P 7 P±92±9i 
*F-+ih ~ 2fo 
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f2 + g 2 + g 2 ( fi a,ft/3 2 + 2 ^7, T [ft^2]a] 



and if ei is not pure 



Alternatively, if e\ is pure the last equation becomes 



(6.7) 



(6.8) 



(6.9) 



where the sign depends on whether the pure spinor is proportional to 1 or to ei234, 
respectively. Taking the complex conjugate of the above relation, we find 



(6.10) 



Observe that in the pure spinor case some of the components of F in (6.7) vanish. 
Finally, the conditions on the geometry are 



^+,ap = , iQ+g 2 + fi+,7 7 / 
2d + f + Q +9l + Q + ^ + f 
2d + g 2 - ig\Vt +n 1 + Vt + -+g 2 
2d + gi - Q+f + iVt +n 1 g 2 + gi£l+,-+ 

d-(f 2 + g 2 2 + gl) + ^-,-M 2 + g 2 2 + g!) 

Afgjn,^ + (f + gj + gl) 2 n_^ 

-Xf 2 + g 2 2 + gl)n m e^ hh - n a - Plh [f - ( 92 - i gi f] 



(6.11) 



and 
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»/ n p . (92 -m) ft 2 i 2 • \0 
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- ^M/ 2 - 92 2 ) - i9i{f + 9i 2 + 2g 2 2 ))Q., +a 

i 1 1 

•9^2 = ^A,/ ~~ T^fl^a -+ + 2g~ 2 ^' 2 + ~~ ^92)^-^ (6.12) 

and if ei is not pure 

n ai+ ^ = . (6.13) 

Observe that some of the conditions on the fluxes F can be interpreted as conditions 
on the geometry because they restrict the <9_ derivative of functions f ,91,92 which de- 
termine the spinor. In turn, the integrability conditions restrict both the fluxes and the 
geometry. 



6.3 The geometry 

The linearly independent forms on the spacetime associated with the Killing spinor 
bi-linears are those that we have computed in [12] for the case of N — 1 SU(4) K R 8 - 
backgrounds. Because of this, we shall not present them here. It turns out that the 
vector field X associated to the form 

« = (f + 9\ + 9l)e~ (6.14) 

is a null Killing vector field. Moreover one can choose the gauge f 2 + g\ + g\ = 1. 
This is achieved by an Spin(9, 1) transformation e ar ° 5 for an appropriate choice of the 
parameter a. The metric then can be put into the form (5.14). Observe that the first 
order system for the functions /, <7i,<72 is again non-linear. 



7 Examples of integrability conditions 

In this section we will solve the linear systems associated with the integrability condi- 
tions for maximal 14 Spin(7) k R 8 - and SU(A) x M 8 -backgrounds. This will determine 
which field equations are implied by the Killing spinor equations. The remaining field 
equations, which still need to be imposed on the supersymmetric background, will be 
given explicitly. 

There are linear systems associated to the Killing spinor equations and to integra- 
bility conditions of any supersymmetric background. However, as it was explained in 
section 3.2, these systems factorize for maximal ^/-backgrounds. In particular, the lin- 
ear system of integrability conditions splits up in three separate parts involving only two 
types of field equations: E and LF, LP and BP and LG and BG. This considerably 
simplifies the analysis of the linear systems. In what follows, we shall apply the formalism 
to the linear systems of the maximal Spin(7) k M 8 - and SU(A) x M 8 -backgrounds. 

14 The Killing spinor equations for these cases were solved in [13]. The same holds for the case with 
maximal G2 supersymmetry, but since this yielded a purely gravitational solution we will not discuss it. 
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7.1 Maximal Spin(7) x M 8 -backgrounds 

The field equations that are not implied by the Killing spinor equations of maximally 
super symmetric Spin(7) x IR 8 -backgrounds are (where the tilde indicates traceless com- 
ponents) 

E — , LP, BP aia2 , BP a p, BP0 1 2 ,BP a _, BPp_,BP_ + ,LG aiOL2 , LG a 0,LGp 1 ^ 2 , 
LG a -, LGp_, BG ai ... a4 , BG ai ... as p, BG^^^^, BG^...^, BG^...^, 
BG ai ... a3 _, BG aia , 2 p_, BG a ^ 2 _, BGp 1 ...0 3 _, BG aiOL2 ^ + , BG a p_ + , BGp 1 p 2 _ + , 
LF ai ... a4 , LF ai ... a3 p, LF a^fcfa, LF ai ... a3 _, LF aia2 ^_, LF a ^_ + , (7.1) 
subject to the relations 

LP + 2BP^ + = BP aiCt2 — |e aia2 /3l/32 i?P / g l/ 3 2 = , 

LG aict2 + 24BG aiCt2 - + = LG a p + 2ABG a p__ + = , 

LG hh + 2ABG M2 _ + = LG a „ - 2ABG a J_ + 8eJ^BG^ 3 _ = , 

LGp_ + 24BG 01 ^ + Zef^BG^...^ = 8BG ai ... a4 + e ai ... Q4 FG 7l 7 V 2 = , 

8BGp r ..p 4 + e / 3 1 ... j a 4 -BG' 7l 7l 72 72 = BG^...^ - ^g^BG^^ 1 = , 

T>(~i _ _i_ 3 r>(~i 74 r>r~< 7 _i_ j. , P1P2 D ft _ _ 7 n 

- DO '/37l---73 ~r 2^/3 [71 ""72 73] 74 ~~ J:Mj aic>27 ' 2 fc «l«2 ■ CM - J P1P2I ~ U > 

4fiG Q( g 7 7 — g a pBG 11 ' y \ 2 ' y2 = BG aia2 _ + — \e ai(X2 l3ll3 ' 2 BGp 1 p 2 _ + = , 

LF 'ajii-jh ~ |fi , a[/3i-^-^ 1 /3 2 /3 3 ]7 7 = LF ' ai a 2 ^ + l 6 "!^^ 2 -^-^!/^ 7 = j 

a/37 7 + 3LF a/ 3_ + + e/j 71 73 LF a7l ... 73 = 3LF /j 7 7 _ + e/j 71 73 LF 7l ... 73 _ = . (7.2) 

Using these relations, one can show that all the field equations and Bianchi identities 
are satisfied provided one imposes the vanishing of the equations 

E — , BP aia2 , BP a p BP a _, BPp_, BP- + , LF axOLi p x fc, LF 7l 7l 72 72 , LF aia27 7 , 

T P RC 1 T 2 RC 1 T RC 1 RC 1 RC 1 - - 

LjF aia 2 /3-y JD(Jr a 1 a20i02^ £Mj '7l 72 j - CMj 'ai«27 ? JDlJT 010203 — ' D ^ x a 1 a 2 fi- 1 DKj afiifo—i 

BGpifcfo-i BG aia2 - + , BG a 0_ + . (7.3) 

Since the Bianchi identity and field equation for F are interchangeable because of the 

self-duality of F, the only field equation that needs to be imposed is the E component 

of the field equations. 

We now turn to the corresponding supersymmetric background. As it has been shown 
in [13], the metric of Spin(7) x R 8 -backgrounds can be written as 

ds 2 = 2dv(du + adv + fiidy 1 ) + -f IJ dy I dy J , (7.4) 

with a, (3 and 7/j functions of v and y 1 only, and I = (1, ... ,8). This is a pp-wave 
metric with rotation, see also [24]. A natural frame is given by 

e~ = dv, e + = du + adv + fady 1 , e a = e a rfy 1 , e a = e° rfy 1 . (7.5) 
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The components of the spin connection are 

top,Q- = e I (pd v e Q )i + d [P p Q] , _ P = d P a - d v f3 P , 

tt-, P Q = e\pd v e Q]I - d[ P p Q ] , (7.6) 

and flp t QR, where P = (a, a). In addition, the components of flp t QR and SI-,pq take 
values in spin(7), i.e. 

&P,a 1 a 2 — \ e ai<X2 1 2 ^P,/3i/3 2 > ^F.a" = 0? (7-7) 

and similarly for fi_Qp. 

The Killing spinor equations restrict the fluxes as follows. The non-vanishing com- 
ponents of the fluxes are P_, Gpq- and Pp r ..p 4 _ which in addition satisfy the follow- 
ing conditions. Gpq- takes values in spin(7), i.e. in the decomposition A 2 (IR 8 ) = 
A|(R 8 )©A| 1 (R 8 ) into Spin(7) representations, only the A|i(IR 8 ) is allowed by the Killing 
spinor equations. Similarly, the components of Fp 1 ...p 4 _ lie in Ai(R 8 ) and A^R 8 ) in the 
decomposition A 4 (R 8 ) = A 4 (R 8 ) © A^R 8 ) © A 4 7 (R 8 ) © Af. 5 (R 8 ). The singlet is given by 

F Pl ... P4 .^- Pi = 24Q_ , (7.8) 

where ip is the S'pm(7)-invariant four-form, whose definition can be found in [13]. 

Among the field equations that still need to be imposed on the solution to the N = 2 
Spin(7) ix R 8 Killing spinor equations is the Einstein equation E , which is given by 

-(d p + n Q QP )(d P a - d v (3 P ) + d [P p Q] d p p Q - \f 3 d* ll3 - \d vl IJ d vllJ 
-|F_ Pl ... P4 F_ Pl - P4 - \G^G*_ PiP2 - 2P_P*_ = . (7.9) 

where r y IJ is the inverse of the metric 77 j defined in (7.4). For the special case of a, Pi 
and 7/j independent of v this equation becomes 

-□ 8 a + d [P p Q] d p p Q - |F_ Pl ... P4 F_ Pl - P4 - iG_ PlP2 Gl PlP2 - 2P_P1 = , (7.10) 

where 8 is the Laplacian on the eight-dimensional space and 0[pPq] only takes values 
in Spin (7). 

In addition one needs to impose several components of the Bianchi identities on the 
fluxes P_, Gpq_ and Fp 1 ...p A _. For example, the remaining BP components imply that 
P_ is a function of v only. We will not analyze the rest of these restrictions in detail. 

Observe that the contribution of the rotation in the Einstein equations has a different 
sign from that of the contribution of the fluxes. Because of this and assuming that the 
transverse space of the pp-wave is a compact Spin(7) manifold, the Einstein equation 
can be solved provided that the total rotation cancels the contributions from the fluxes. 
This means that the integral of the expression in the right-hand-side of (7.10) must 
vanish. For a detailed similar argument see [12]. The above solution resembles flux-tube 
type of configurations [25] but without the backreaction of the branes. There are also 
similarities with the solutions of [26, 27]. 
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7.2 Maximal SU(4) x M 8 backgrounds 

The field equations that are not implied by the Killing spinor equations of maximally 
super symmetric SU (4) x M 8 -backgrounds are 

E — , LP, BP a p } BP a _, BPp_, BP_ + , LG a p, LG a _, LGp_, 
BG aia2 p^ 2 , BG aia2 p_, BG a ^ 2 _, BG a p_ + , LF ax(X2 -^ 2 , LF aia2 ^_, (7.11) 

subject to the relations 

LP + 2PP_ + = L~G a p + 2AB~G a0 _ + = , 

LG Q _ - 24PG Q7 7 _ = LG- p _ + 24BG^_ = . (7.12) 

Using these relations, one can show that all field equations are satisfied provided that 
the field equations 

E — > BP a 0, BP a _, BPp_, -BP-+, BG aia2 ^, BG aia2 p_, 
BG a p^ 2 _, BG a p_ + , LF aia2 ^ 2 , LF aia2 p_, (7.13) 

are satisfied. It is easy to see that apart from the Bianchi identities, the only field 

equation that one has to impose is the E component of the Einstein equation. 

The investigation of the field equations of the maximal SU (4) x M 8 -backgrounds is 
related to that of maximal Spin(7) x IR 8 -backgrounds. In particular, there is a gauge for 
the Killing spinors such that ^,4,-+ — and Qa,^ 13 — [13]. In addition the metric can 
be written in Penrose coordinates as in (7.4) and so one can introduce the frame (7.5). 
One can compute the spin connection which has components Q--p, fip,Q-, Q-,pq and 
flp,QR. The first three are given in (7.6), and in addition the latter two take values in 
SU(A), i.e. 

fW 2 =0, fip, a a = 0, (7.14) 
and similarly for Q_ pq. The no n- vanishing components of the fluxes are 

G a0 _, G a a 4v), F ai ... a4 _(v) , F aiaM _, F Q y_ = 2Q_. (7.15) 

Using these, one can easily compute the Einstein equation E It is easy to see that 

it takes the same form as (7.9). In addition the remaining Bianchi identities will impose 
closure of the remaining fluxes P_, Gpq_ and F Pl ... Pi _. 

In the case that the components of the metric are independent of the v coordinate, 
the transverse space of the pp-wave is a Calabi-Yau manifold. To find a solution, one can 
use the Donaldson theorem for U(l) connections and require cancelation of the rotation 
and flux charges. Using a similar argument to that in [12], one can show that there is a 
smooth solution for pp-waves with transverse space a compact Calabi-Yau manifold. 
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8 Concluding remarks 



We have shown that the Killing spinor equations of any IIB supergravity background 
can be written as a linear system for the fluxes, geometry and spacetime derivatives 
of the functions that determine the Killing spinors. This has been achieved by using 
the spinorial geometry techniques of [14]. We have also shown that another linear sys- 
tem, constructed in a similar way, can be used to determine the field equations and 
Bianchi identities of IIB supergravity that are determined by the Killing spinors for any 
super symmetric background. These two linear systems can be used to systematically 
investigate all supersymmetric backgrounds of IIB supergravity. 

For general supersymmetric backgrounds these two linear systems are rather compli- 
cated. However, we have shown that these linear systems simplify for backgrounds that 
admit //-invariant spinors, H C Spin(9, 1). We have mostly focused on two cases, those 
for which the background admits a maximal number of if-invariant Killing spinors, 
maximally supersymmetric if-backgrounds, and those that admit half the number of 
maximal if-invariant spinors, half-maximally supersymmetric if-backgrounds. In the 
former case, the Killing spinor equations factorize and the resulting linear systems are 
easy to solve. We have demonstrated that the system associated with the Killing spinor 
equations gives rise to a flatness condition for the connection which is identified as the 
restriction of the supercovariant connection on the bundle of Killing spinors /C. 

There are several cases of half-maximal if -backgrounds which should be considered. 
The generic case consists of those backgrounds for which the Killing spinors are linearly 
independent over the complex numbers. There are also several degenerate cases for which 
the Killing spinors are linearly dependent over the complex numbers but linearly inde- 
pendent over the real numbers. The degenerate cases are of co-dimension two or more 
relative to the generic case. We have demonstrated that the Killing spinor equations of 
half- maximal iJ-backgrounds do not factorize. The linear system of the Killing spinor 
equations gives rise to a flatness condition for the restriction of the supercovariant con- 
nection on the bundle of Killing spinors /C. However, the restricted connection depends 
non-linearly on the functions that determine the Killing spinors. 

To give an overview of the current status of the problem in IIB supergravity, we 
summarize some of the results in the table 1 below. In this table, we indicate the cases 
that have been investigated as well as the maximal and half-maximal ^/-backgrounds 
that remain to be tackled. 

In table 1 below, the list of cases that remain to be tackled contains the N = 4 and 
N = 8 S'?7(3)-backgrounds. It is expected that the former includes all backgrounds which 
are dual to M = 1 (N = 4) four-dimensional gauge theories. The list also includes all 
supersymmetric backgrounds that preserve 1/2 of the supersymmetry (N = 16). There 
are three classes of 1/2 supersymmetric backgrounds. The maximal M 8 -backgrounds, 
the maximal .Sf7(2)-backgrounds and the half-maximal 1-backgrounds. It would be of 
interest to investigate all these cases. 
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H 


N = 1 


N = 2 


N = 3 


N = 4 


N = 6 


N = 8 


N = 16 


N = 32 


Spin(7) x R 8 


V 


V 


- 


- 


- 


- 


- 


- 


SU(A) x M 8 


V 


V 




V 


- 


- 


- 


- 


G 2 


V 







V 


- 


- 


- 


- 


5p(2) x R 8 


- 












- 


- 


- 


(SU(2) x S77(2)) x R 8 


- 














- 


- 


SU(3) 

R 8 






































SU(2) 




















1 




















Table 1: \J denotes the cases for which the Killing spinor equations have already been 
solved. denotes the remaining cases that correspond to backgrounds with if-invariant 
spinors and can be tackled with the techniques described in this paper. — denotes the 
cases that do not occur, e.g. there are no backgrounds with N > 2 and Spin(7) x R 8 - 
invariant Killing spinors. The remaining entries may occur but it is expected that the 
associated linear systems are more involved. 
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Appendix A Spinors 

The description of IIB supergravity spinors that we used in this paper can be found 
in [12]. For the general theory see [28, 29, 30]. Here for completeness, we shall briefly 
summarize the main formulae without explanation. 

Consider the vector space U — R < ei, . . . , e$ >, where e±, . . . , e$ is an orthonormal 
basis. The space of Dirac spinors of Spin(9, 1) is A c = A*(U 0C). This decomposes into 
two complex chiral representations according to the degree of the form = A even ([/0C) 
and A~ = A odd (U C). These are the complex Weyl representations of Spin(9, 1). The 
gamma matrices are represented on A c as 

T r] = -e 5 A r] + e 5 j7? , T Fj i] = e 5 A rj + e 5 _n] , 
= d A i] + e^t] , i = l,..., 4 
T 5+i r] = ia A rj - ieijr] , (A.l) 

where To is the gamma matrix along the time direction. The above gamma matrices 
satisfy the Clifford algebra relations T a T b + T b Ta = 2t\ab with respect to the Lorentzian 
inner product as expected. 

The Dirac inner product on the space of spinors A c is 

D(r ] ,9)=<T r ] ,9> , (A.2) 
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where 

5 

<z a e a ,w b e b >=J2( za )*™ a , ( A -3) 

a=l 

on U <g) C and then extended to A c . Note that (^ a )* is the standard complex conjugate 
of z a . 

The Majorana Spin(9, l)-invariant inner product that we use is 

B(r],9) =< B( v *),9 > , (A.4) 

where B = r 6789- The Majorana- Weyl representations A ± of Spin(9, 1) are constructed 
by imposing the reality condition 

77 = -r 0J B(?f ) , (A.5) 

or equivalently 

V* = r 6 789^ , (A.6) 

on Af. The map C = T^sg is the charge conjugation matrix. 
The oscillator basis in A c that we use in this paper is 

r« = -^={T a + ir a+5 ) , r ± = -^=(r 5 ±r ) , r Q = -^=(r a -ir a+5 ) . (A.7) 

Observe that the Clifford algebra relations in the above basis are T a Tb + F b T a = ^Vab, 
where the non- vanishing components of the metric are r) a g = 8 a §,r] + - — 1. In addition, 
we define T B = g BA T A . The 1 spinor is a Clifford vacuum, T a l = F~l = and the 
representation A c can be constructed by acting on f with the creation operators T a , T + 
or equivalently any spinor can be written as 

5 f 

k=0 

i.e. r ai ""° fe l, for k — 0, . . . , 5, is a basis in the space of (Dirac) spinors. 

The spacetime form bi-linears associated with the pair of spinors (rj, e). are 

a( V , e) = yB( V , Y Al ... Ak t)e M A • • • A e Ak , k = 0, . . . , 9 . (A.9) 

For the application to backgrounds with SU (4) x R 8 spinors, we use the form bi-linear 
of f and ei234 spinors. These are the following (see also [12]): a one-form 

«(ei234, 1) = k(1, e 1234 ) = e° - e 5 , (A.10) 

a three-form 

£(ei 2 34, 1) = -£(1, ei23 4 ) = *(e° -e 5 )Aw, (A.ll) 

and five-forms 

r(l,l) = (e -e 5 )A X 
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r(e 12U , ei234) = (e° - e 5 ) A x* 
r(e 12U , 1) = r(l, ei 234 ) = -- (e° - e 5 )cj A w , 



(A.12) 



where 



= e 1 A e 6 + e 2 A e 7 + e 3 A e 8 + e 4 A e 9 
x = (e 1 + ie 6 ) A (e 2 + *e 7 ) A (e 3 + ie s ) A (e 4 + ie 9 ) . 



(A.13) 



Note that x an<4 - ^ are the familiar S77(4) invariant forms. 

Using the above results, we can easily compute the spacetime form bilinears of the 
half-maximally supersymmetric SU (4) KM 8 backgrounds. The Killing spinors are e = z rj, 
where rji — 1 + ei 234 and r\ 2 = i(l — e 12 34). Since the Killing spinors e\ and e 2 are 
generically complex, 1\ = C(ei)* and e 2 = C(e 2 )* are also defined on the spacetime 
although they are not necessarily Killing. Because of this, the forms that are defined on 
the spacetime are associated with the bi-linears (e^e,), (ei,€j) and (ii,€j), i,j = 1,2. It 
suffices to compute the forms associated with the first two bilinears because the forms 
of the last bilinear can be easily computed from those of the first. To see this observe 
that since e = zrj and rjj are Majorana-Weyl spinors, then e = z*i]. Thus the effect of 
the charge conjugation operation is to replace the matrix z with its complex conjugate 
z*. In particular, we find the one- forms 



K(e 1 ,e 1 ) = 2(4 + 4)(e°-e 5 ) , 

«(e 2 ,e 2 ) = 2(4 + 4)(e°-e 5 ) , 

«(ei, e 2 ) = 2(z u z 21 + z 12 z 22 )(e° - e 5 ) , 

«(£!,£!) = 2(\z n \ 2 + \z 12 \ 2 )(e° - e 5 ) , 

/c(e 2 ,e 2 ) = 2(|^ 21 | 2 + |^ 22 | 2 )(e° — e 5 ) , 

«(ei, e 2 ) = 2(zn^i + ^i24)( e ° - e 5 ) , 

«(ei, e 2 ) = 2(z* u z 21 + z* 12 z 22 )(e° - e 5 ) , (A. 14) 



r(e 1 ,e 1 ) = (e° - e 5 ) A [(z n + ^ 12 ) 2 x + (z u - iz 12 ) 2 X * - (4 + z 2 l2 )u A u] , 
r(e 2 , e 2 ) = (e° - e 5 ) A [(z 21 + ^ 22 ) 2 x + (221 - ^22) V - (4 + -4V A w] , 
T(ei, e 2 ) = (e° - e 5 ) A [(z u + ^i 2 )(z 2 i + iz 22 )x + (z u - iz 12 )(z 21 - iz 22 )x* 

-(z u z 21 + z 12 z 22 )u A id] , 
t(ci, ei) = (e° - e 5 ) A [(zu + izi 2 )(4 + i^ 2 )x + (z u - iz^z*^ - iz* l2 )x* 

-(kill 2 + \zi 2 \ 2 )uj A uj] , 
7"(e 2 , e 2 ) = (e° - e 5 ) A [(z 2i + ^ 22 )(4 + w£ 2 )x + (221 - ^22) (4 - iz 22 )x* 

-(k2l| 2 + \z 22 \ 2 )uj A u] , 



the three-forms 



£(ei,e 2 ) 

f(ei,e 2 ) 
C(ei,e 2 ) 



-2detz(e° -e 5 ) Aw , 
4ilm(42i 2 )(e -e 5 )Aw , 
-2(zn4 - zi2^i)(e° - e 5 ) A uj , 
-2(42 22 - zl 2 z 21 )(e° - e 5 ) A w , 



(A.15) 



and the five-forms 
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t(ci, h) = (e° - e 5 ) A [(zn + iz 12 )(z 21 + w£ 2 )x + (*ii - iz 12 )(z 21 - ^22)** 

~(zuz 21 + ^12^22)^ A ^] > 
t(ci, £2) = (e° - e 5 ) A [(^ + iz* 12 ){z 21 + ^ 22 )x + (zn - iz\ 2 ){z2i ~ iz 22 )x* 

-{z* lx z 21 + 2*2^22)^ A to] . (A. 16) 

It is worth mentioning that all the one-forms are along the same null direction. The 
same applies for the three-forms. However, the five-forms point to different directions 
spanned by (e° - e 5 ) A x, (e° - e 5 ) A x* and (e° - e 5 )AwAw. 



Appendix B Killing spinor equations 
B.l Killing spinor equations on 1 

The first spinor basis element we consider is 1. Substituting this spinor into the (alge- 
braic) Killing spinor equation (2.7) and expanding the resulting expression in the basis 
(A.8), we find 



1 

r+ 

r (2) 

p/3i/3 2 + 

p(4) 
p l 9i-0 4 + 



0, 

jGnS 1 + - A G 



4^/37 
4^ + 7 i 

0, 

±G 



4^/3-+ ' 



7 



P 

1 7 1 



24^1-/33 T2 fc /3i-/33 r 1 
8^/31/32+ > 

0, 



fB.n 



Next we turn to the Killing spinor equation associated with the supercovariant derivative 
(2.6). The components along the a-frame derivative of the supercovariant connection 
are 



1 


D _|_ 1 7_i_ln _|_ » /? 7i72_|_«p 7i 
-^0 2 a i7 2 a > — 1" 4 Q 7l 7 2 2 a 7! — ^ ' 


p(l) 


0, 


p/3i/32 


in _ _ _i_ « E" 1 _ _ Ti ip . . 1 c- - 7172/^ 
4"a,/3i/3 2 -T i- r a/3 1 /3 2 7 4- r "/3i/3 2 -+ 32 C /3i/3 2 ^07172 


p£+ 


1 - _L ' P 1 - 7 

2"ct,/3+ "T 2^^/3+7 ' 


p(3) 


0, 






p^i-/3 3 + 
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Along the a-frame derivative of the supercovariant connection we find 
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2 s i a,/3+ "I" 2 r a/3+7 16 fc a0 7 



'7172+ 5 



30 



r (3) 
pft-ft 
pft-ft+ 
p(5) 



o, 

— lm e h---h(Ga 1 1 — Ga-+) , 
0. 



The supercovariant derivative with M = — gives 



r (i) 
pftft 

pfth 
r (3) 
pA-ft 

pft-ft + 

p(5) 

Finally, for M = + we find 



o, 



7i 72 
7i 72 1 



±o - 
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_ _ 7 1 -r- - 11*12 C 1 

-01021 ~ l6 C ftft U 



i TT- 

2 r /3-+1 



7i 72 5 
71—73 ' 
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7 I J^-r -71-73/7 

_ i^ft-ft-+ + l^ft-ft^^V + 3G 7 _+) , 
0. 
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+ \n+ 


7 1 1 Q _j_ i p 71 72 
>7 T 2 +i — ^ T 4 +71 72 ' 


p(l) 


o, 




pftft 


4^+,ftft "+ 


if?-- 7 _ 1 -r- - 1112 fl 

4 +ftft7 32 ft ft ^+7172 


p/3+ 


lO - 




p(3) 
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pft-ft 


48^+ft-ft 


1 <r _ _ 7 
768 t ft'--ft Ur +7 ' 


pft-ft+ 


o, 




p(5) 


0. 
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B.2 Killing spinor equations on 

Next we consider the basis elements with i,j < 4, i.e. without holomorphic indices. 
We split up a into a = (i, j) and p, which contains the remaining two holomorphic indices. 
Furthermore, two different two-dimensional Levi-Civita tensors will appear, which are 
defined by = +1 and e PlP2 = eij PlP2 - Substituting this spinor into the (algebraic) 
Killing spinor equation (2.7) and expanding the resulting expression in the basis (A. 8), 
we find 



1 : 0, 

-pb . \ e -Cl(n C2 _ p r _ r~i \ 

i • 4 fc 6 l ur ciC2 u "cir "ci — VI i 

-pq . e _ r p _ \ e c\ciri 

1 ■ tq 1 r 4 C ^ci^g 5 
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TnSib2+ . 1 ( /*i c /m r\ 

1 _ • — lejV^+c ~~ Wr J > 

p%92 . _I-r_ p- _ \c- c Ct 

L ■ 4 c qiq2 1 b s b ^ c qiq2 ■> 



31 



p<h<22+ 

r (4) 

P&1&29192+ 



4 c fe KJ cq+ j 
-if P 

4 t 9i92-' + 5 

o, 

32 c 6i6 2 ^ r <?i'?2 + - 
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Next we turn to the Killing spinor equation associated with the supercovariant derivative 
(2.6). The components along the a-frame derivative of the supercovariant connection are 



1 

p(i) 

pblfe 

pbg 
pft+ 

r<?i<?2 

p<?+ 
r (3) 

p6ife2$ig2 
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o. 
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Along the a-frame derivative of the supercovariant connection we find 
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The components along the p-frame derivative of the supercovariant connection are 
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0, 
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Similarly, the components along the p-frame derivative are 

~2 e (^P, c l c 2 ^Fp ClC2 r ~\~ iFp ClC . 2 — 1_) + g6 (Gp rir2 9pqi(.Gq 2 c + Gq 2 r + G,j 2 — |-)) , 
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The supercovariant derivative with M = — gives 
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Finally, for M = + we find 

(ft+,cic 2 "I - i>F+ ClC2r 
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pbg 
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~~ 2 C & "+,c+ ) 
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n 

o, 
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1 /Q '7-1 C\ 1 c (~1 

16 e 6ib2V ii +.9i92 ~~ lr qiq~2+c ) ~ Ql e qiq2 { ^ r b 1 b 2 + J 


pbl52<?+ 




p5<M2 + 


o, 
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B.3 Killing spinor equations on ekh 

We now consider the basis elements e k $ = |r fe r + l with k < 4. For this purpose we 
split up a into p and /c, where p are the remaining three holomorphic indices: p = 
(1, . . . , k, . . . , 4). Thus, k is a single element of {1, 2, 3, 4} and not an index that should 
be summed over. Furthermore we will use the three-dimensional Levi-Civita symbol 
defined by e pi ... pa = e kpi ... p , A . Substituting this spinor into the (algebraic) Killing spinor 
equation (2.7) and expanding the resulting expression in the basis (A. 8), we find 
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r+ 
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Next we turn to the Killing spinor equation associated with the supercovariant derivative 
(2.6). The components along the /c-frame derivative of the supercovariant connection are 
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pfc+ 
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Along the /c-frame derivative of the supercovariant connection we find 
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The components along the p-frame derivative of the supercovariant 
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connection are 
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Similarly, the components along the p-frame derivative 
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are 
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Finally, for M = + we find 
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ii + ,fc^ '■- r fc hfT T 24 C ^(Tl"-^ 5 



1 

r (l) 

pfcr 

pfc+ 
pnf2 

pt+ 

r (3) 
pfcfi---f 3 

pfcfif 2 + 
pfi---f 3 + 

r (5) 



lO i P . I i P_ I L / r_ CT 2CT2/^Y_ 

2 i6 +,r- 2 ' — t-fcfe ~ l ~ 2 T — I -0 ' 16 T k 

. , / ) in 



' 2 fcn T2 

-|n. 



+ 2^+,ct CT — 2^ 



/tJCT 1 CT2 5 

± F ."IIP CT 1 CT2\ 

2 J "+, — h 2 +kk<J < 4 r +°i ct 2 J ) 

_ ^(n - — c ct 2 _i_ op \ 

32 c tit2 y^aikk <j 'ctict2 ~t °°"cti — \-J j 

_ i P 

-,fcr 2 ^ 



0. 



2 r,u 2 r, 

;;2-TlT2 ' (Jikk 

1 E 1 _ CT I t _CTlCT2/^Y 

2- r fcr+CT gtr '- Jr +CTlCT 2 ) 

192^fl---T3 (GfcCT 3Gfc__|_ 



12 n---T3 — 



16 r l T 2 &CT+ J 



(B.19) 



B.4 Killing spinor equations on ei234 

The next spinor basis element we consider is ei 2 34. Substituting this spinor into the 
(algebraic) Killing spinor equation (2.7) and expanding the resulting expression in the 
basis (A. 8), we find 
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Next we turn to the Killing spinor equation associated with the supercovariant derivative 
(2.6). The components along the a-frame derivative of the supercovariant connection 
are 

1 : \{G a ^ + G a -+) , 
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Along the a-frame derivative of the supercovariant connection we find 
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The supercovariant derivative with M = — gives 
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Finally, for M = + we find 
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B.5 Killing spinor equations on e^...^ 

We now consider the basis elements e^...^ = Ir n "" l3 r + 1 with 11,12,13 < 4. For this 
purpose we split up a into p and k, where p = . . . and k is the missing fourth 



37 



holomorphic coordinate (and is not an index that should be summed over). Again we will 
use the three-dimensional Levi-Civita symbol defined by e pi ... P3 = ek Pl ... P3 . Substituting 
this spinor into the (algebraic) Killing spinor equation (2.7) and expanding the resulting 
expression in the basis (A. 8), we find 
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gC riT2 \J] t(J _ , 


pfcr+ 


1 p 1 , 0"10"2 
2 -r T gtr 


pTl---?3 


48^ti---t 3 \G— kk 
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Next we turn to the Killing spinor equation associated with the supercovariant derivative 
(2.6). The components along the /c-frame derivative of the supercovariant connection are 
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Along the A;-frame derivative of the supercovariant connection we find 
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The components along the p-frame derivative of the supercovariant connection are 
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Similarly, the components along the p-frame derivative are 
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Finally, for M = + we find 
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C Integrability conditions 
C.l Integrability conditions on 1 

The expressions for the integrability condition X on the basis element 1 read 
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The integrability conditions X a read 
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Similarly, X4 with A = — is given by 
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Finally, the expressions for X + read 
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C.2 Integrability conditions on 

The expressions for the integrability condition X on the basis element read 
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The integrability conditions X a are given by 
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r blb2qiq2+ : —^ie blb2 LF a q 1 q 2+ + 2A6q 1 q 2 g a y bl BG b2 ] i+r r 
Similarly, X s reads 
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The integrability condition Xm with M = p is given by 
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Furthermore, X M with M = p is given by the expressions 
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C.3 Integrability conditions on 

The expressions for the integrability condition X on the basis element e k $ read 
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Similarly, X k reads 
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The integrability condition Tm with M = p is given by 
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a ' 2 + 2ABG 



p<7 1 



\iLF pfl ... f3 + jge fl ... f3 (LG kp + 24BG kpa a + 2ABG kp _ + ) . 
Furthermore, Tm with M = p is given by the expressions 



), 
(C.16) 



p/c 
T f 

r+ 

pfcf 1 f 2 
pfcf + 

pfl---T3 
pfif 2 + 



-\Ep- + QiLF 



p-a 



QiLF 



kkp— 



A8e p aia ' 2 BG k(7l(72 _ , 



^pf U1 {BG kk(Jl ^ 



\2iLF kpf . 

\E kp + QiLF kpa u - 6iLF kp 



3iLF 



pr\T2- 



^-2e pTlT2 BG k _ r7 



- 24e/ ia2 
12ef 1 -f 2 <T i?G' 



24e f 

fcfccri<72 



'BG 



per i (72 - 



£?G 



(71(72" 



0, 



fcpcr— + ! 



l-^pf - 3iLF kkpf + 3iLF pfa a - 3iLF pf _ + - 12e f CT1 ' 72 BG kp(7ia2 + 



+2Ae pf ^(BG kai ^ 2 +BG kai _ + ), 



±6- 
12 r l - " r 3 



- 245G 
3iLF i-- - ai 



4 e TlT2 



kpT\T2 

+3e pfl f 2 {—2BG kka 

l AT TP ,1 



p-a J + 2ABG kkp _) , 
(LG pai + 24BG kkpai — 



245G 



pci 



25G 



fcfc- 



+ £G 



(71 (72 
(71 (72 



+ 2BG/-+) , 



2%LF 'pfi-f 3 + -5i e fi-fz(LG kp — 2ABG kpa a — 2ABG kp _ 



pferi---T3+ 

The integrability conditions X_ read 
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pfc 
pf 

r+ 

pfcf if 2 
pfcf + 
pfl---f 3 
pflf2 + 
pfcfl---f3 + 



-\E_. 
0, 

±E k _ + 6iLF k _ a ° + 8e ai ~- a3 BG 
0, 

0, 

3iLF kfl f 2 
-liLF 



0\—<Jz- 



3iLF- T _ c ° + 12^^^^^. 



+ iefif 2 ' 7 (-^G' (7 _ - 2ABG kka _ + 24o CT _ (J2 CT2 ) , 



n-f 3 - + ^ e fi---f a (LG k _ + 2ABG k ^ a a ) . 



(C.18) 



Finally, for J + we find 



+ 6iLF 



fcfc- 



+ 16e° 



fco-i---cr 3 ) 
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T f : mLF k ^ + + 24e^(BG k - kaia2 -BG aia2a ^), 

_T+ : \E k+ + QiLF k+a ° - 8e^BG ai ... a3+ , 

T kr _ 1T2 : —3iLF flf . 2 - + + I2e flf2 a BG ka(T2 ' 72 , 

r Ef + : -\E f+ + 3iLF k - kf+ -3iLF f y-12e f ^BG- kaia2+: 

T T1 7-3 : —j^€f 1 ...f 3 (LG — |- — 2ABG kk(T CF + 12BG ai ai a2 a2 ) , 

r flf2+ : 3^LF fcflf2+ + ie flf /(LG' CT+ + 24 J BG' fc fc (T+ -24 J BG' (J+(J2 CT2 ), 

r ^..., 3+ . _i iLFfi ..., 3+ + ^ efi ... t3 (LG s+ -24S^ +CT CT ). (C.19) 



C.4 Integrability conditions on euu 

The expressions for the integrability condition J on the basis element ei 2 34 read 



1 

p/3iA 
p£+ 

p/3i-,33 + 



4e 



71 •••74 



PG 



71 ■■■74 



+ LP + 2PP 7 + 2PP_+ 



4 e /3i/?2 
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^ e /3 71 73 -SC ? 7l-"73+ 



96 e /3i-/3 4 ( 



-LG 7 7 + LGL+ + 12PG 7l 7l 72 72 



24PG 7 7 _ + ) , 



"T2 e /9i-/33 7l (^ 
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24PG 7l+72 72 ). 
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The integrability conditions X a are 



_9,v_7i--73 r p 

z ' tc /3 - t ^- t 0:71 —73 

+12g a s(BG 71 72 - 



r+ 

p/3l"#3 

pA/3 2 + 
pft-AH- 



i/3 V 
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- 7i f 1 
12 fc /3i---/33 1 2 "71 



7i 72 

24P(j" a _j_ 7 7 , 

6iLF 



-LG a0 -24(BG a ^ + BG a p_ + )+ 
2PG 7 7 -+) , 



"7i 72 



72 



QiLF ail _ + )-ABG ah ,+ 



1^1/32 71 72 Q7172+ _ 12PG' Q( g 1/ 3 2+ + 2Ag a \p 1 BG , 



The integrability conditions Zq, read 



(C.21) 



r + 

p/3ift + 
pft-/3 4 + 



9,V_7i---73 T p_ 
z,(,c /3 - t ^- t 0:71 —73 



LG a p + 24(PG S( g 7 7 + BGa3-+) , 



LGa+ + 24PG 



7 

a+7 i 



'l^^i-fe 7 ^!-^^! + 6i(LP a 7l72 72 — LP (J71 — h)) + / ^BG Bl p 1 ...(3 3 , 



\i e PiP2 lll2 LF a 7172+ + 12PG s/3l/32+ , 



Similarly, X4 with A = — is given by 

p/3 

r+ 

pft-fe 

p/3i,32 + 



(C.22) 



p/3i-/3 4 + 



_ 2i£ -7l-73 



LP_ 71 ... 73 + LGj_ + 24PG 



7 

/3-7 ' 



1 



+ 12PG 71 71 72 72 



6iLP 7l _ 72 7 y 



- 7l(I rp 
12 fc /3i--/33 12-^71" 

f ^™LP 7172 _ + + \2BG M2 J , 
h e h-h(\ E -+ + 6iLP_ +7 7 ) + BGp x ...(j A 



■03- 



(C.23) 



Finally, the expressions for X + read 
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/3+ 
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r+ 

p/3i&+ 



o, 



h e Bi-h 71 (1^71+ ~~ 6iLF 71+72 72 ) - 4SG , /3l ... / 3 3+ , 



(C.24) 



C.5 Integrability conditions on e^...^ 

The expressions for the integrability condition X on the basis element e^...^ read 
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pfef 
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24e^ 2 PG^ 1(T2 _ + 2PP,_, 
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4 C TlT2 

{LG kk 
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(LG kr71 - 



- 24PG S _ CT CT ) 
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24PG 
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The integrability conditions X k are given by 



pfc 
pr 

r + 

pfcriT2 
pfcf + 
pn— 75 
pn?2+ 

pfcfl---T 3 + 

Similarly, X k reads 
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73 
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pf 

r + 

pfcriT2 
pfcf+ 
pfi---f 3 
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pfcfl— 7=3 + 
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The integrability condition X M with M = p is given by 



(C.27) 
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r+ 

pfcf+ 
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Furthermore, X M with M = p is given by the expressions 
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The integrability conditions X_ read 
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pfcflT2 

pfcf + 

pfl---T3 
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pfcfi---f 3 + 
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0, 

— 2ie Ul 173 LF 
0, 

— 3i€f air72 LF 
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l LG f _ - 12(BG kkf _ - BGr-tf) , 
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Finally, for J + we find 
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pfcflT2 
pfcf + 
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pfcfl---f 3 + 



— LG — 1_ + 2ABG kka a — \2BG ai (Tl a2 a2 , 
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-3ie flf2 a LF ka _ + + 12(BG kkflf2 - BG flf2a a ) , 



\LG f+ + 12(BG kkf+ — BG f+a a ) , 



— ^ e fi-f 3 (-^-+ + 12?LF fc ^_ + — 12?LF (T <T _ + ) + 8BG kfl ... 



8^T1T"2 
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D Generic half- maximal SU (4) x R 8 -backgrounds 
D.l The linear system 

We decompose the vector SO (9,1) representation under SU(A). This is equivalent to 
decomposing the frame indices as A = (+, — , a, a). Consequently, the fluxes and geom- 
etry decompose into SU(4) representations, i.e. Pa decomposes as P + ,P-,P a and P& 
and similarly for the other fluxes and geometry 15 . 

Next, we construct the linear system associated with the algebraic and supercovariant 
connection Killing spinor equations. In particular, the algebraic Killing spinor equations 
give 

1 1 

(A n + iA l2 )P a + -G_ +a + -G a / 

+ ^ e /i/^3 G/W3 = o > (D.l) 



(A 21 + iA 22 )P a + l -G. +5l + % -G^ 

_l_ e J^ GpM = o , (D.2) 



(A u - iA l2 )P a + ic_ +Q - l -G a ^ 

+±e/^G 010203 = , (D.3) 



(A 21 - %A 22 )P a - l -G^ +a + l -G a / 

+ ^eJ^G 010203 = , (D.4) 



(A u + iA 12 )P+ + \G +a a = , (D.5) 



(A 21 + iA 22 )P + + *-G +a a = , (D.6) 



(A n - iA 12 )P + - ^G +a a = , (D.7) 



(A 21 -iA 22 )P + + l -G +a a = , (D.8) 



15 If the fluxes are complex, like P and G, then their various components do not satisfy the 'naive' 
complex conjugate relations, i.e. (P a )* ^ P& and similarly for G. 
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and 

iG^+ % -e & f s G^ s = Q, (D.10) 

where we have set A = z~ l z* . 

The Killing spinor equation associated with the supercovariant derivative (2.6) also 
decomposes in SU(4) representations. In particular the conditions associated with V a 
are 

(z^D^u + i{z~ x D a z) 12 + \^l a / + ]^a-+ 
+iF a _ + / + i(A n + iA 12 )G a / + i(A n + iA 12 )G a _ + = , (D.ll) 

(z~ 1 D a z) 2 i + i{z~ x D a z)-n + i[^Q Q) /^fi a _+ 
+iF a _+/] + 1(A 21 + iA 22 )[G a / + = , (D.12) 

+ l(An-iA 12 )G ajll2 ]e^ M2 = , (D.13) 

*PaJ,ft + iF *hfci + iF a-+AftJ + ^(^21 + iMi)G aM2 + (S 2 i + iB 22 )5 a[h P h] 

-\[-^ a , lll2 + i(A 21 - <A 22 )G <rnis ]c^ ftA = ,(D.14) 

1 11 

(z-'D^n - i(z~ 1 D a z) 12 + -(B u ~ iB 12 )P a - -Q a / + -^ Q ,-+ 

- iA 12 )[Gy - + ±F aWs p/^* = , (D.15) 

{z~ x D a z) 21 - %{z- x D a z) 22 + X -{B 21 - iB 22 )P a - i[~Cl a / + ^ a ,-+] 

-^21 - iA B )[GV " <?«-+] - ^J^ftft****** = , (D.16) 

^ Q , + /3 - J(B n + tB 12 )5 a0 P + + i(A n + ^ 12 )G a+/ 3 + ^F a+ ^ = , (D.17) 

[£n a>+/g - ^(5 21 + iB 22 )5 a$ P + + \{A 21 + ^A 22 )G Q+/ 3 - ^F Q+/ ^] = , (D.18) 
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-^F a+hhh + ^[^,+7 + 4(^11 - iA 12 )G a+1 ]e^ M = , (D.19) 

1 1 % 1 

~^ F a+hhh + 12 [ _ 2^ a,+7 + 4^ 21 _ ^22)G' a+7 ]e 7 / 3 1/ g 2/ g 3 = , (D.20) 

where B = A 2 . 

The conditions associated with £> a are 

1 11 

(z^D^n + iiz^Daz)^ + -(B n + ^ 12 )P S + -fi a / + -ft a ,_ + 

+^^7i727274 e 71727374 + \(A U + iA 12 )[G^ + G^ + ] = , (D.21) 

(z^D^)?! + i(z- 1 £> a z) 2 2 + + iB 22 )P- a + i[^ a / + ^a,-+ 

-A Fs7i727274e 7i7 2 7374] + l ( ^ 2i + L4 22 )[G a / + G a „ + ] = , (D.22) 

1 

2 [^"3)7172 ^-^i57i72<5 ~l" "iFct— +7172 

+ i(A n - iA 12 )G &lll2 + (fin - ifi 12 )^ [7l P 72] ]e 717 ^^ 2 = , (D.23) 

+ 2(^ ,5 >7i72 — * -^671 72 5 ~l~ — h7i72] e7l72 /3i/32 

-i[i(A 21 - a 22 )G S7l72 + (S 21 - ^ 22 )5 a[7l P 72] ]e 7l72 ^ 2 = , (D.24) 

(z _1 .D a 2:)ii - i(z~ l D^z) l2 - ^a, 7 7 + ,-+ - ^a-+ 7 7 

_I(A n - ^ 12 )G S7 7 + l(A n - L4 12 )G a _ + = , (D.25) 

1 1 

(z^-Da^i - i(z _1 D a 2;) 22 - + -fi a _+ - iF a _ +7 7 ] 

_I(A 21 - L4 22 )GV + i(A 21 - L4 22 )G a _ + = , (D.26) 

ifi ai+/5 + i(A u + iA 12 )G^ - l - Fst+m e^- = o , (D.27) 

^a,-h9 + \( A 2i + iA 22 )G^ - l - Fst+m e^- = o , ( D .28) 
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+\(Au - a 12 )GW 7 e T /w 3 - - iB 12 )P + e^ lM3 = , (D.29) 

I ^ 

+±(A 21 - iA^G*^ - \{B 21 - zB 22 )P + e a - M = . (D.30) 
The conditions associated with V- are 

(z^D^n + i(z- l D_z) 12 + ifi_ )7 T + + ^F_ 7 V 

+^^-7i7 2 737 4 e 7l727a74 + + iA 12 )GV = > (D.31) 

(z~ 1 D_z) 21 + i{z~ l D_z) 22 + + ^_,_+ + ^F- 7 V] 

+- A {A 2l + a 22 )G_; + ^- 7l727374 e 7l72W4 = , (D.32) 

n -Ah + iF -M^ + + iA v)G-hh 

~ iF- lll25 5 ]e^ hh - 1(A U - ^i2)G_ 7l72 e 7l72 / 3 1/ 3 2 = , (D.33) 

+^P-,-ni> " ^-7!7 2 /]e 7l72 ^ft " ^21 - iA 22 )G_ lll2 e^ M2 = , (D.34) 

{z~ 1 D_z) ll - i{z- x D_z) l2 - ifi_, 7 7 + + |f_ 7 V - \(A n - iA 12 )G^ 

^F-M,m/ iM ^ = 0, (D.35) 

(z~ 1 D_z) 21 - i{z- l D_z) 22 - + ^_,_ + + ^F_ 7 V] - |(^2i - ^ 22 )GV 

-^-AAflA^ AA * = 0,(D.36) 

^-,+0 + ^-W + + iA 12 )G_ + p + ±(B U + iB 12 )Pp 

- l -F_ +m e™^ = , (D.37) 
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i[\n_ t+$ + l -F_ + -^\ + ±(A 21 + iA 22 )G_ +0 + ±(B 21 + iB 22 )Pp 

~F_ +m e™^ = , (D.38) 

+\[(A 11 - iA 12 )G_ +1 + (fi n - iB 12 )P^ hMz = . (D.39) 

+ 1 -[{A 21 - L4 22 )G_ +7 + (5 21 - iB^P^^ = . (D.40) 

The conditions associated with £>+ are 

(z-'D+z)^ + i{z- x D+z) X2 + i(fi n + iB 12 )P + + ifi +)7 ^ 

+^+,-+ + \( A n + ^i2)G +7 7 = , (D.41) 

{z- l D + z) 21 + i{z- l D + z) 22 + l(S 2 i + *£? 22 )P+ + *[^+,7 7 

+^ + ,_ + ] + ±(A 21 + L4 22 )GV = , (D.42) 

-\^ + a^ 112 hh ~ \( A n ~ iA l2 )G +1112 e^ hh = , (D.43) 

M+Ah + \( A 2i + iA 22 )G +01 p 2 

+ l -n +ail2 e^ hh - - A {A 21 - iA 22 )G +1112 e^ hh = , (D.44) 

(z- 1 D + z) 11 - i{z- l D + z) 12 + i(£? n - iB 12 )P + - 

+^n+,-+ " ^(Ai " ^i2)GV = , (D.45) 

{z- l D + z) 2l - i{z~ l D+z) 22 + X -{B 2X - iB 22 )P + - il-hl+J 

+^ + ,_ + ] - l -(A 21 - iA 22 )G + J = , (D.46) 



52 



and 



n +t+a = n +>+a = o . (d.47) 

As we have already mentioned, all the equations that arise from the Killing spinor 
equations are linear in the fluxes, geometry and the first derivatives of the functions 
z that determine the Killing spinors. The system may appear involved but it can be 
solved. It also simplifies in some special cases, like for example whenever z is a real 
matrix. In this case A = B = 1 and so the terms in the linear system above that contain 
the fluxes and geometry do not depend on the functions z. 

D.2 The solution to the linear system 

We shall first solve the last six equations of the linear system associated with the algebraic 
Killing spinor equation. Equations (D.5)-(D.8) imply that 

G +a a = P + = , (D.48) 

and (D.9), (D.10) imply that 

G +a p = G +a - p = . (D.49) 
Next consider the equations (D.19), (D.20), (D.27), (D.28). These imply 

0,^ = 0, F +Q/Ws = (D.50) 
and (D.43), (D.44) and (D.47) imply that 

n + , aP = o, n + , +a = o. (D.5i) 

The remaining components of the T> + equations (D.41), (D.42), (D.45), (D.46) imply 
that 



(z 1 D + z)n = (z 1 D + z) 22 = 

(z~ l d + z) 12 = -{z^d+zU = l -n + , a a . (D.52) 
The equations (D.31), (D.32), (D.35), (D.36) constrain z^D-Z via 



(z-'D^n = -Ifi_ 5 _ + -lF_ a V-^(^ ia2 ^ 4 e aia2a3a4 



7 

4_ P oio^o^o^ _ _ A r< a 

i -t — 0:10:20:30:4 c J ^^12^— a 

L-ln ~\ — * rp a f3 , * / rp 01020304 

[Z ±J-Z)22 — —-li--+ — -r- a /3 + -0^20304^ 

1 

_l_ TP aia 2 a3C4\ 1 _ A r< o 

T J- —0^020304^ ) \ ^■ n -21^ J — a 

i 1 

I ~— if) ~\ _n a 1 1 rp aia2«3«4 jp _ oiQ2Ci3a4\ 

y/C U— 6)\2 24 _ 01020304 — 010-20:30:4 c / 
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i 1 

(y-^Pl y\ — O a ( ( F ,01x012013014 _ rp «ia 2 tt3"4\ 

y 4, u —^)2\ 2 —,ot 24 — a i Q 20304 c — 01020304 c / 

- % -AnG- a a . (D.53) 
And from (D.33) and (D.34), we find 



r - (- 4 n + - 4 22 + ^(A 21 -A 12 )) m 

<J-oio 2 ~~ A A A A \* L -,a 1 a 2 + '-^-01027 

A\\A 22 — A\ 2 A 2 



1\ 



+ 2(A n A 22 - A 12 A 21 ) {Q ->^ ~ lF ~^ 
n - ( A n + A 22-t(A 21 -A 12 )) _ 

LT -aia2 4 a A A l iJ -,oi02 '-^ —01027 J 

A\\A 22 — /1 12/121 

(A n - A 22 + z(Ai 2 + A 21 )) _ _ _ ^ 

2(AnA 22 - A 12 A 21 ) + • (D - 54) 

In order to proceed we shall consider two separate cases, according as (An — A 22 ) 2 + 
(A 12 + A 2 i) 2 vanishes or not. Observe that (A u — A 22 ) 2 + (A 12 + A 2 i) 2 = is equivalent 
to An = A 22 and A 12 + A 21 = 0. 

First we shall assume that (A n - A 22 f + (A l2 + A 21 ) 2 ^ 0. Then (D.17), (D.18), 
(D.29), (D.30) imply that 



G +a p = n aM = (D.55) 

and 

F+ ai a 2 hh = • ( D - 56 ) 

Next consider the equations which have one free holomorphic index, excluding for 
the moment those equations involving z~ l Dz\ these are (D.3), (D.4), the trace of the 
duals of (D.13), (D.14) and the duals of (D.39), (D.40). These fix P a , G_ +a , G Q /, 
e j3iP2l33Q-^-^ e a l3ll32f33 F_ + p 1 p 2 p 3 , F_ +Q/ / in terms of the components of the spin con- 
nection VLp f a , ej^'^ttfr^, and A^. 

The corresponding equations with one free antiholomorphic constraint are (D.l), 
(D.4), the traces of (D.13), (D.14) and (D.37), (D.38). These fix P s , G a /, 
eoP^^Gp^foi e a l3ll32f33 F_ +/3lf32 f 33 , F_ +5e /3 fS i n terms of the components of the spin con- 
nection fy^a, e/ 1 ^ 3 ^,^, H-.+a- 

By comparing the complex expressions for e a ^ 1|82/?3 F_ + p 1 p 2 p 3 , F_ +aj a /3 from the former 
equations with the complex conjugates of the expressions ea^ li92 ^ 3 F_ +/ a 1/ g 2/ g 3 , F^^p 13 from 
the latter, we find the following geometric constraints 



O I 3 

"/3, o 



{6A U A 22 - 4A 12 A 21 



A 2 



A 2 " 

A". 



121 



c _/3i/3 2 /3 3 n 

-a i4 /3i,/3 2 /? 3 



(An 2 + A 22 2 + 4AnA 22 - 2A12A21) 
. (A12 - A 2 i) (An - A 22 + i(A l2 + A 2 i)) 

" 1 (An 2 + A 2 2 2 + 4AnA 22 - 2A12A21) ^ 



(D.57) 
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Using these constraints, we obtain the following simplifications 



Pa 

Ga/3 13 



-fL 



,+a 



= -8i 



(A n 2 + A 22 2 + 4A n A 22 - 2A 12 A 21 ) 

_ 8 (An + A 22 ) 

(An 2 + A 22 2 + 4A n A 22 - 2A 12 A 21 ) ' +a 

(^12-^21) o 

(An 2 + A 22 2 + 4A n A 22 -2A 12 A 21 ) ~' +a 
24 (A n -A 22 + 2(A 12 + A 21 )) 

(An 2 + A 22 2 + 4A n A 22 - 2A 12 A 21 ) ' +Q 



(D.5* 



and 



P ° (An 2 + A 22 2 + 4A n A 22 - 2A 12 A 21 ) ^' +Q 



and 



(An + A 



G - +a 8 (An 2 + A 22 2 + 4A U A 22 - 2A 12 A 21 )^' + ° 

r P - (A i2 - A 21 ) 

0/3 (An 2 + A 22 2 + 4A n A 22 - 2A 12 A 21 ) ' +Q 

e hfcfcn _ pa (An-A 22 -i(A 12 + A 21 )) 

£a ~ 24 (A 11 2 + A 22 2 + 4A 11 A 22 -2A 12 A 21 ) (D ' 59) 



_ Q . (^11 + ^22) (An - A 22 + 2(A 12 + A 21 )) 

+/3l/32A " (An 2 + A 22 2 + 4AiiA 22 -2Ai 2 A 2 i) 

/3 (An + A 22 )(Ai 2 -A 2 i) 

^ " (An 2 + A 22 2 + 4AiiA 22 -2Ai 2 A 2 i) (D - 6 ° } 

Substituting these constraints back into (D.21), (D.22), (D.25) and (D.26) we find 
the following constraints on z~~ 1 D Bt z: 



(z 1 D St z)n — —-Qa-+ 



(z 1 D Sl z) 22 — 



2 

1 (A 22 2 - 3An 2 + 4A i2 2 - 4AnA 22 - 2A 12 A 21 ) 

2 ((A n + A 22 ) 2 + 2(A n A 22 - A 12 A 21 )) ^ 



(Z 1 daZ) 12 = -Qa/ 



1 (3A 22 2 - A n 2 - 4A 21 2 + 4A U A 22 + 2A 12 A 21 ) 

2 ((An + A 22 ) 2 + 2(AnA 22 -A 12 A 21 )) 
i 



+ ^((A n + A 22 ) 2 + 2(A n A 22 - A 12 A 21 ))~ 1 (A 11 2 + A 22 2 - 2L4 12 A 22 

- 2iA 21 A 22 - 6iA n A 12 + 2iA n A 21 + 2A 12 A 21 )fi_ i+(i 

i 

' 'a,P'~ 



{z- l d & z) 21 = ~Qr^ 



2 
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- l((A n + A 22 f + 2(A 11 A 22 - A 12 A 21 ))-\A n 2 + A 22 2 + 6iA 21 A 22 

- 2iA 12 A 22 + 2iA n A 12 + 2iA n A 21 + 2A 12 A 21 )fl_ +dt . (D.61) 

And from (D.ll), (D.12), (D.15) and (D.16) we find the following constraints on 

z~ x D a z: 

(z 1 D a z)n = — -fi Q) _ + 



2 

1 (3A U 2 - A 22 2 - AA 12 2 + AA U A 22 + 2A 12 A 21 ) 

2 ((A n + A 22 )2 + 2(A n A 22 -A l2 A 21 )) ~' +a 

(z 1 D a z) 22 = — -fi Qi _ + 

1 (A n 2 - SA 22 2 + AA 21 2 - AA n A 22 - 2A 12 A 21 ) 

2 ((A u + A 22 )i + 2(A U A 22 -A 12 A 21 )) ~> +a 

(z~ 1 d a z) 12 = -VL a / 

- l -{{An + A 22 f + 2{A n A 22 - A 12 A 21 ))-\A 11 2 + A 22 2 - 2iA n A 21 
+ 6iA u A 12 + 2iA 21 A 22 + 2iA 12 A 22 + 2A 12 A 21 )n_ +a 

(z~ l d a z) 21 = ~& a / 

+ ^((A u + A 22 f + 2(A U A 22 - A 12 A 21 ))-\A n 2 + A 22 2 - 2iA n A 21 

- 2iA n A 12 + 2iA 12 A 22 - QiA 21 A 22 + 2A 12 A 21 )tt_ t+a . (D.62) 

Note that by means of an appropriate U(l) transformation, one can work in a gauge 
for which detz = detz*, so that detA = 1. Then (D.61), (D.62) and (D.52) imply that 

Q+ = Q a = (D.63) 

though in general (D.53) does not constrain Q- to vanish. 

Finally, we consider the equations (D.13), (D.14), (D.23), (D.24). The constraints 
obtained from taking traces of these equations have already been obtained; the remaining 
constraints consist of the fixing of two components of the G-flux via 



n - - — O a- - T!T 2 

0/31/32 " A 11 -A 22 + z(A l2 + A 2i r a '^ € ^ 
8i(A 21 - A 12 ) 

(An + A 22 f + 2(A n A 22 - A 12 A 21 ) 

n _ ? „ _ _ fcfo 

7172 " A n -A 22 -i(A 12 + A 21 ) ^ 
Si(A 12 -A 21 ) 

SZ_, +[71 5 72 ] S (D.64) 



(A u + A 22 f + 2(A U A 22 - A 12 A 21 ) 
together with the fixing of a component of the F-flux 



"+^ 2 = {Au + A22) <4(i n - A 22 + i(A 12 + A 21 )) Qa ^ e 



7172 . 
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(An + A^ A +\aXL - A 12 A 21 f'^ 6 ^ (D - 65) 



and a geometric constraint 



o i(A 12 - A 21 ) _ _ 

M + 2 (A n - A 22 + i(A 12 + A 21 )) ™ 2 01/32 
A{A U A 22 - A 12 A 21 



(A u + A 22 ) 2 + 2(A n A 22 - A 12 A 21 ] 



V- Mh 5 Ma = . (D.66) 



Next we consider the special case when (An — A 22 ) 2 + (A± 2 + A 2 i) 2 = 0. Then (D.17), 
(D.18), (D.29), (D.30) imply that 

G +aJ s = (D-67) 



F +a ^ = -^-((A 11 -iA 12 )Q a ^ + (A 11 + iA 12 )n^ +a ) . (D.68) 
On comparing (D.68) with its complex conjugate, the geometric constraint 

n a , +0 + n^ +a = o (d.69) 

is obtained. Substituting this back into (D.67) and (D.68) we obtain some simplification: 

iW = -x^-hS- ( d - 7 °) 
All 

Next consider the equations which have one free holomorphic index, excluding for 
the moment those equations involving z~ 1 Dz; these are (D.3), (D.4), the trace of the 
duals of (D.13), (D.14) and the duals of (D.39), (D.40). Unlike the generic case, these 
do not fix P a , G^ 13 , eJ^feGfcfrfo, eJ 102 ^F_ ± ^ 2 p 3) F_ +Q / uniquely in terms 

of the components of the spin connection flpf a , e a /3l/32/33 ^/3i,/3 2 /33' ^-,+« an d Rather, 
Ga/3 13 , F_ +S/ 3 /3 and Vtpfa are arbitrary with 



P& = ~3(A U + iAl2 ) G ^ ~ 3(A U + iA^ 2 ^ ~ lF ~ + ^ ] 
G - + * = 3°^ + 3(A n + iA 12 ) ^ s ~ iF ~^ ] 



G ai ct 2 a;i 



F — \-a.ia.2&-:i ^ 

= -V a . (D.71) 
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The corresponding equations with one free antiholomorphic constraint are (D.l), 
(D.4), the traces of (D.13), (D.14) and (D.37), (D.38). Taking G Q /, F_ +a / and Vt^ a 
to be arbitrary we find the additional constraints 



1 2 - 

Pa = 3(A n - ilu) " 3(A U - iA 12 f ^ a + iF ~ +a ^ 

°- +a = ~3°^ + 3(A U - iA l2 ) {Q ^ a + lF ~ + ^ ] 

Gaxa 2 az = . (D.72) 

Substituting these constraints back into (D.21), (D.22), (D.25) and (D.26) we find 
the following constraints on z~ x D^z: 

i 1 

+ 6(A n li A J- 3A » +iA ^* 

+ 3(A 11 + »A u ) (3All + ^ )F - + ^ 
(z-'d^n = -(^ 1 M2i = ^a/ + ^iiG a / 

6(An + iA 12 ) 



2A n 



3(A u + iA 12 ) 



F- + J . (D.73) 



And from (D.ll), (D.12), (D.15) and (D.16) we find the following constraints on 
z~ x D a z: 

(z^ 1 D a z)u = (z~ l D a z) 22 = — -fl a _+ — -Ai 2 G a pP 
~ 6(A u -iA^ +iA ^ 

{z- l d aZ ) l2 = -(z- 1 d a z) 21 = i -{l a /+ i -A ll G a p /3 
+ 6(An V Ai2) (^ + 3^ 12 )^ 

^ F_ +Q /. (D.74) 



3(A n -^ 12 ) 

Finally, we consider the equations (D.13), (D.14), (D.23), (D.24). These fix two 
components of the G-flux via 



— ~ a + iA u ^ a '^ 2 + ^ F -+ahP2) 
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12 4 Si 



An + iA 12 amy 3 V " " 7 P2J7 3 m ' P2J 3 
2 

^"7172 = 4 Hi (^a,7i72 + 2ii*! — 1-67172) 

" A^^/ ^^a^ 11 "^ 12 ^^ ~ 3 Q l^l.^l + i F n]-+^) ( D - 75 ) 
together with the geometric constraint 

^01,0203 = • (D.76) 

As the first order equations in spacetime derivatives of z are non-linear, we shall not 
investigate the general case here. Instead we shall focus on two examples that illustrate 
some of the properties of this non-linear system. 

D.3 Special cases 

We shall first consider the case that z is diagonal with complex entries. We have seen 
that it can be arranged such that the Killing spinors can be written as e\ = pe l(f r)i and 
e 1 = p~ x e~ lip r}2- Using this, the equations (D.61) and (D.62) imply that 

p cos4y? 

2 + cos 4(/9 

Qa = 

JV+ + fi -,«+ = (D.77) 

and 



d a p = 

sin 4o9 

d a <p+-—-?—n_ t+a = 0. (D.7* 
2 + cos4(/9 



From (D.53) we obtain 



and 



Q- = ^-V 

fi-,o° = -icos2v9G_ a Q 

P ,01020304 _ p _ ,61620364 ficin9/or y a 

1 — 01020304 c — 01020304 c u 0111 z, V y ° r — o 

= (D.79) 



f) , n ^—( TP O1O2O3O4 rp _ _Oi020 3 04\ 

U —Y 24 _a l020304 t 1 -Qi02Q3Q4 t ) 

d-p = . (D.80) 
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From (D.52) we obtain 



n+,* a = 
Q+ = o 

= (D.81) 

and 

d+if = 

d+p = . (D.82) 

For the other example we take z to be real and so A is the identity matrix. Then 
from (D.73) we find 

F- + J = l(Gy + (G^T) (D.83) 

and 

1 1 - 

(z d a z)u = (z d a z) 22 = — _ a 

(z' l d a z) l2 = -(z' x d a z) 2X = l -Q a / + l -Q^ a + ^(Gy - (Gap 13 )*) . (D.84) 



From (D.53) we obtain 



Q- = ^-«V 

F =0 

(G_ a a y + G_ a a = (D.85) 

and 

(z -1 cLz)n = {z~ l d_z) 22 = _+ 

(z~ l d_z) l2 = -( z ^d„z) 2l = l -n^ a a + l -G^ . (D.86) 
From (D.52) we obtain 

Q + = (D.87) 



and 



(z 1 d + z) 11 = (z 1 d + z) 22 = _+ 

(z^d+z)^ = -(z~ l d + z) 21 = Ul + , a a . (D.88) 
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E The linear system of degenerate half- maximal SU (4) K 
M 8 -backgrounds 

It is straightforward to construct the linear system for the degenerate half-maximal 
577(4) K M 8 case using the linear system of [12] for one SU(4) ix R 8 -invariant spinor and 
those of section 6. In particular, we have that the algebraic Killing spinor equations give 

{f + 92-igi)Pa = o, 

1 1 

|(/ -92 + igi)G- + a + -(f-g 2 + ig^Gap 13 

+ ^(f + g2 + tgi)e^ 3 G M = 0, (E.l) 

if -92- igi)P a = o , 
- A U + g2 + igi)G- +a - -(/ + g 2 + igi)Gy 

+^(f-g2 + igi)e/ M G 0M = 0, (E.2) 

(f + 92-i9i)P+ = o, 
\{f -92 + i9i)G +a a = 0, (E.3) 

(f-g 2 -igi)P + = 0, 
-\{f + 92 + i9i)G +a a = 0, (E.4) 

W-92 + igi)G +dt0 - ^(/ + g 2 + tgi)e^ 5 G +lS = . (E.5) 
The conditions arising from the V a component of the supercovariant derivative are 

[D a + (w- wT'daW + hl a / + ifV+ + \F^J 

+ l -F a _ + /](f-g 2 + i gi )=0, (E.6) 

-(w - wT'dMf -92 + igi) + U + 92- i9i)[- A Gj + -G_ +a ] = , (E.7) 



and 



U -92 + igi)[^ a Ap2 + ^«ftft7 7 + iF *-+h 



\ % % 

"(/ + 92 + Wl) [2^,7172 _ 2 F a 1112 S + 2^-+7i72] e7l 72 / 3 1 /3 2 = , ( E - 8 ) 



02 1 



if + 92- ig^hG^fr - -.g^G^i ~ ~ A 9a\h G h\-+\ 
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-g(/ -92- i9i)G aill2 e^ hh = , (E.9) 

[D a + {w- w*)~ l d a w - hl a / + ifi Q ,_ + + -Fjj 
- % -F a _^\{j + g 2 + i 9l ) + ±F aM p/^^(f -g 2 + i 9l ) = , (E.10) 

1 1 

-(w - w*)" 1 d a w(f + g 2 + igi) + [--G a7 7 + -G- +a ](f - g 2 - igi) 

-±eJ^G M (f + g 2 ~ igi) = , (E.ll) 

[hl a ^ + l -F a+ ^](f -g 2 + i 9l ) - l -F a+Pl ^e^p{f + g 2 + i 9l ) = , (E.12) 

[^9a^W " \G+a0\U + 92- igi) = , (E.13) 
^F a+0M (f -g 2 + i 9l ) + ^(/ + g 2 + ^i)[^ Ql+7 - \F a+l5 5 \e^ hhh = , (E.14) 

■^9 a \pPhfa\+(f + 92- igi) - ^(/ - 52 - ^i)GWV^ 3 = . (E.15) 
The conditions arising from the component of the supercovariant derivative are 

[As + (w- wT'daW + + + -F^J 

+iF a _ + /](/ " ^ + fci) + ^(/ + 52 + *5i)^ 71727274 e 71727374 = , (E.16) 

-(w - w^dswif -g 2 + igi) + \[Gs/ + G a -+](/ + 52 - *5i) 

-^(/ - 52 - ^5i)^ 7l7273 G 7l7273 = , (E.17) 

[°a,ftft +iFa0 1 f3 2l 1 + iF a _ +01 2 }{f -g 2 + i gi ) 
-(/ + 52 + igi)[-tt^ 112 - -F ST172 / + -F«_ +7l72 ]e 7l72 ^ 2 = , (E.18) 

1 1 s 

-^GahhU + 52 - igi) - (f - 52 - «5i)[g5s 71 G' 725 

+ -Cq, 7172 — -5a 7 iC 72 _ + ]e 7l72 ( g i/ g 2 = , (E.19) 
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[Da + (W- W*) 1 8 a W - ^fi«, 7 7 + ,-+ 

+\F a ^ 5 5 - l -F^}(f + g 2 + i 9l ) = , (E.20) 

-(w - wT'dMf + 92 + igi) + [-\g^ + \G a - + \{f -g 2 - igi) = , (E.21) 

1 % 

[^a,+$ + 2 F «+^7 7 K/ -92 + igi) 

~(f + g2 + igi)F a+m e^™p = , (E.22) 

1 1 

--G +a p(f + g 2 - igi) - — (f -92- ^i)C 7l72+ e 7l72 S/ 3 = , (E.23) 

1 % 

iFa+hhhU -92 + igi) + (f + g2 + igi)[-Sl a , +1 - -F a+l5 5 ]6< hMi = , (E.24) 

(/ - g 2 - igi)[-^g ai G +s 5 + \c a+1 \^ hMz = . (E.25) 
The conditions arising from the T>_ component of the supercovariant derivative are 

[D- + (w- wT'd-w + ifi., 7 7 + ±n_,_ + + ^F_ 7 V](/ -g2 + igi) 

+^(f + 9 2 + ^i)F_ 7l727374 e 71 ™ = , (E.26) 

-(w - wT'd-wtf ~g2 + igi) + + g 2 - igi) = , (E.27) 

[^-Afc + iF-hfci^U -92 + igi) 
-(/ + 9 2 + igi)[\n_ rnl2 - ^F_ 7l72 /]e 7l ^ l/52 = , (E.28) 



\G-mM + 92- igi) - \{f -92- igi)G^ ll2 e^ hh = , (E.29) 



[D _ + ( w _ ^-i^u, _ _q_ )7 7 + + -f_ 7 V](/ + g2 + igi) 

+^(f ~g2 + igi)F- M2M / M ~^ = , (E.30) 



-(w- wT'dMf + g2 + igi) -±(f-92- Wi)G-S = , (E.31) 
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[\n. t+P + \F_ + -^\{f -g 2 + i 9l ) - l -(f + g 2 + i 9l )F_ +m e^- p = , (E.32) 



[ " J6 G ^ + Y6 G ^ ]if + 92 ~ i9l) + ^ f ~ 92 ~ i9i)G m e m p = , (E.33) 
iF_ +hhh U -g 2 + igi) + [ V + 7 - l -F^ +1& 5 }e' hhh {f + g 2 + i 9l ) = . (E.34) 



-\g~ M M + 92- igi) + [^G 7 / + ^G_ +7 ](/ -g 2 - ig^ hhh = . (E.35) 
The conditions arising from the V + component of the supercovariant derivative are 
[D + + (w- wT'd+w + + + i*VyV](/ -92 + igi) = , (E.36) 



(w - w*y l d+w(f -g 2 + igi) + l -G+J{f + g 2 - i 9l ) = , (E.37) 



[ti+frfa + iF+fafrT^if -92 + igi) 
[^ +l7l72 - -F +7172 /] (/ + g 2 + igi)e^ hh = , (E.38) 



-Af + 92- iQi)G +hh - hf -92- igi)G +lll2 e^ hh = , (E.39) 



[D + + (w- wT'd+w - + + l -F + S s s }(f + g 2 + i 9l ) = , (E.40) 

-(w- wT'dMf + 92 + igi) - \g+JU -92- igi) = , (E.41) 

and 

n +j+a = n +j+Se = o . (e.42) 

The solution of the above linear system and the conditions on the geometry and the 
fluxes are summarized in section 6. 
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